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PHAN I: PE CUONG CHI TIET HQC PHAN

TOAN ROI RAC (Discrete mathematics)

I.  Théng tin vé hoc phan

(@]

Ma hoc phan: PTH02014
o Sbtinchi:3 (3-0-6)
o Giod tin chi dbi véi cac hoat dong hoc tap:
+ Nghe giang 1y thuyét trén 16p: 28
+ Lam bai tap trén 16p: 14
+ Thao luan trén lop: 3
+ Thue hanh trong phong thi nghiém: 0
+ Thuec tap thuc té ngoai truong: 0
+ Tu hoc: 90
o Pon vi phu trach hoc phfin:
= B0 mon: Toan — tin itmg dung
=  Khoa: Cong nghé thong tin
La hoc phén: bét bude
Thudc khdi kién thirc: co s& nganh
o Hoc phﬁn hoc trude: Dai sd tuyén tinh

Il.  Théng tin vé ngudi viét bai giang

1. Ho va tén: PGS.TS Nguyén Viin Dinh
2. Ho va tén: Nguyén Thi Thiay Hanh
-- Churc danh, hoc ham, hoc vi: Thac si
- Dia chi lién h¢: B mon Toan — tin ung dung, Khoa CNTT, Hoc vién Nong nghi¢p Viét
Nam.
- Dién thoai: 0915674502. Email: ntthuyhanh@vnua.edu.vn

I1l.  Muc tiéu hoc phan
- VéKkién thirc:
o Nguoi hoc trinh bay lai dugc cac nguyén 1y ciia bai toan dém.



o Trinh bay lai dwgc cac khai niém co ban vé db thi, cac dd thi dic biét nhu: D6 thi
phan d6i, P thi Euler, P thi Hamilton, D4 thi phing va cac thuit toan dé nhan biét
chung; Cay cung cac ung dung dic biét caa db thi nay.

o Trinh bay lai dugc cac bai toan tng dung quan trong cua 1y thuyét db thi nhu: Bai
toan cay khung nho nhat, Bai toan dudong di ngan nhat, Bai toan luéng cuc dai, Bai
toan du lich ... va nhitng thuat toan dé giai quyét chung.

o Nhan dién dugc cac khai niém co ban vé toan logic va biét dich cac cau thong thuong
thanh cac biéu thuc logic dé c6 thé sir dung cac biéu thic nay trong viéc lap trinh
logic va tri tu¢ nhan tao.

Vé ky ning:

o Ngudi hoc biét van dung cac nguyén 1y ctia bai toan dém dé tim sb lugng hoic liét ké

mot cu hinh t6 hop nao do.

o Biét van dung cac thuat toan dua ra dé giai quyét mot sd bai toan tng dung quan
trong ctia Ly thuyét d6 thi, ning cao tu duy toan va tu duy thuit toan trong viéc giai
quyét cac van dé thuc té.

Vé nang lwc tw chu va trach nhi¢m:

o Hinh thanh nang luc tu hoc, tu nghién ctru va sang tao trong pham tru cong nghé
thong tin no1 ri€éng va trong cudc song noi chung.

IV.  Céu tric ndi dung hoc phan
Moi
guan hé
STT Sb Phwong \;(I)’;)c;’)c
Chuong Chu dé bai Muc tiéu cu thé phap lien
hoc giang day .
quan va
chi dé
caa HP
1 Bai toan | Bai toan dém 1 | Ngudoi hoc biét van dung cac | Thuyét
dém nguyén 1y cia bai toan dém dé | trinh — giai
tim s luong mot cdu hinh t6 | thich -
hop nao do. minh hoa
— Vén dap
Bai toan liet| 1 |Ngudi hoc biét tng dung | Thuyét
ke phuong phap sinh phan tir ké | trinh — giai
tiép, phuong phap quay lui dé | thich — —
liet ké tat ca cac cau hinh can | minh hoa
dém hoic cac cdu hinh thoa | — van dap




min thém mot hoic mot sb
diéu kién nao do.

Cac  khai | Biéu dién hinh Ngudi hoc xac dinh dwgc mot | Thuyét
niém co ban | hoc va mot sb s6 dang do thi nhu d6 thi day | trinh — giai
vé do thi dang d6 thi du Ko, d6 thi vong Cy, ... thich -
dac biét minh hoa
— Van dap
Biéu dién Ngudi hoc xac dinh va trinh | Thuyét
dang dai s bay lai duoc cac cach biéu dién | trinh — giai
cia do thi. Su do thi trén may tinh. Nhan dién | thich ~ —
dang cau gitra dugc hai dd thi cho trude c6 | minh hoa
cac do thi dang ciu hay khong. — Van dap
Tinh lién Ngudi hoc xac dinh va nhan | Thuyét
thong trong dd dién dugc duong di, chu trinh, | trinh — giai
thi dd thi con, d6 thi bo phan, db | thich  —
thi lién thong, dinh cat, canh | minh hoa
cit. — Van dap
Cac sd dac Nguoi hoc xac dinh dugc s6 6n | Thuyét
trung cta do dinh trong, s6 6n dinh ngoai, | trinh — giai
thi nhan va sic s6 cua db thi. Ung | thich  —
dung sic s6 vao bai toan 1ap | minh hoa
lich thi va t6 mau ban do. — Van dap
bo thi | B6 thi Euler. Nguoi hoc xac dinh va nhan | Thuyét
Euler, d6|bPé thi nua dién dugc d6 thi Euler, nua | trinh — giai
thi Euler Euler. Ung dung duoc d6 thi | thich  —
Hamilton, Euler vao dé giai bai toan | minh hoa
dd thi nguoi dua thu Trung Hoa. — Vén dap
phing
bo thi Ngudi hoc xac dinh va nhan | Thuyét
Hamilton. D6 dién duoc do thi Hamilton, nta | trinh — giai
thi nira Hamilton. Ung dung duoc dd | thich  —
Hamilton thi Hamilton vao dé giai bai | minh hoa
toan sap xép chd ngoi. — Vén dap
Db thi phang. Ngudi hoc xac dinh va nhan | Thuyét
D6 thi phan dién dugc dd thi phang, ciing | trinh — giai
doi. nhu d6 thi khong phang. Dic | thich — —
biét, biét st dung thudt toan | minh hoa
nhan biét do thi phan d6i dé | — van déap




nhan dién dd thi phan doi.

Cay va cac | Cdy va céc Ngudi hoc xac dinh va trinh | Thuyét
tng dung | tinh chat co bay lai dugc cac tinh chat co | trinh — giai
Cua cay ban cua cay. ban cua cay, cay m — phan. | thich -
Ung dung cay Trinh bay lai dugc cac phép | minh hoa
trong viéc ma duyét cay nhi phan. Nhan dién | — van dép
hoa thong tin dugec ma tién té va tng dung
cay dé tim ma tién té tdi uu.
Cay  khung Nguoi hoc xac dinh dugc cay | Thuyét
cia do6 thi. khung va cdy khung nhé nhét | trinh — giai
Cay  khung cua d6 thi. thich  —
nho nhat minh hoa
— Van dap
Mot sb bai | Puong di Ngudi hoc x4c dinh duoc | Thuyét
toan tdi wu | ngan nhat trén duong di ngan nhat trén do thi, | trinh — giai
tréndo thi | d thi tAm va ban kinh cua do thi. thich -
minh hoa
— Van dap
Mang va Nguoi hoc xac dinh duoc | Thuyét
ludng ludng cuc dai va lat cat hep | trinh — giai
nhat cia mot mang G cho |thich  —
trudc. minh hoa
— Van dap
Bai toian du Nguoi hoc xac dinh duoc hanh | Thuyét
lich trinh theo tht ty nhu thé nao dé | trinh — giai
chi phi 1a nhé nhit trong Bai | thich  —
toan du lich. minh hoa
— Van dap
Pai cuong | Logic ménh Ngudi hoc tom tit dwoc cac | Thuyét
vé toan | dé phép toan trén ménh dé so cip; | trinh — giai
logic nhan dién duoc cong thirc dong | thich —
nhat ding, cong thirc ddng nhat | minh  hoa
sai. Nguoi hoc biét van dung | — van dap
cac quy tic suy dién dé xéc
dinh mot suy luan 13 PUNG
hay SAI, ciing nhu dé chung
minh mot ménh dé hing dung.
Logic vi tir Nguoi hoc xéc dinh dugc gia | Thuyét




tri chan ly ctia mot cong thac | trinh — giai
c6 chira lugng tur “vai moi” va | thich -
“t6n tai” ; nam dwgc ¥ nghia | minh hoa
cua luong tir ddi véi vi tir hai | — van dép
ngoi. Nguoi hoc xac dinh duoc
phi dinh cia cic ménh dé
luong tir héa va biét dich cac
cau thong thuong thanh céc
biéu thac logic dé c6 thé sir
dung cac biéu thirc nay trong
viéc lap trinh logic va tri tué
nhén tao.

Thao luén:

Noi dung: Mot sb bai toan toi wu trén do thi.

Yéu cau: Nguoi hoe van dung mdt s6 bai toan toi wu trén dd thi vao cac bai toan thuc té.
V. Tailiéu hoc tap

Gido trinh: Vii Kim Thanh, Toan roi rac, NXB Pai hoc Su pham, 2008.

Tai liéu tham khao:

= Ng~uyé~n Hitu Anh, Toéan roi rac, NXB gido duc,, 2000.
=  Po Puc Giao, Toan rf‘)i rac, NXB Dai hoc Quodc gia Ha Noi, 2008.
= Hoc‘mg Chi Thanh, Do thi va cac thuat toan, NXB gido duc, 2007. )
= Nguyén Purc Nghia — Nguyen T6 Thanh, Toan roi rac, NXB Pai hoc quoc gia Ha N6i, 2003.
= Kenneth H. Rosen, Toan rodi rac (Ban dich tiéng Viét cua Pham Vin Thiéu — Bang Hiwu
Thinh), Nha xuat ban Khoa hoc va K§ Thuat Ha Noi.
VI.  Yéu cdu cia giang vién
Giang dwong: Co may chiéu, mic.
Péi véi sinh vién:
- Duy 16p: Ti thiéu 80% s tiét 1y thuyét 1a diéu kién dé tham gia thi két thiic hoc phan
- Thao luan: Tich cuc tham gia thdo ludn nhém va thio luan trén 16p
- Thi cudi hoc ky: Sinh vién s& dugc du thi két thiic hoc phan néu dat cac yéu cau vé du 16p.

Hinh thtre thi: Ty luén trong 90 phut.

VII.  Tiéu chuin danh gia




- Du lép: 0,1
- Kiémtragitaky: 0,3
- Thihét hocphan: 0,6
Diém ciia hoc phan tinh theo thang diém 10.

VIII.  Hinh thirc té chirc day hoc

Lich trinh chung: (ghi tong s gio tin chi cho mdi cot)

Hinh thirc t6 chirc day hoc
Noi dung Lén 16p Thyc hanh, | Tu hoc, tu Tong
Ly thuyét | Baitap | Thao luan | thinghiém nghién cuu
Chuong 1 4 2 12 18
Chuong 2 6 3 18 27
Chuong 3 4 2 12 18
Chuong 4 4 2 12 18
Chuong 5 6 3 3 24 36
Chuong 6 4 2 12 18
Tong 28 14 3 90 135




PHAN I1. NOI DUNG BAI GIANG HQC PHAN
Chuong 1.

BAI TOAN DEM.

Muc tiéu: Nguoi hoc biét van dung cac nguyén 1y ctia bai toan dém dé tim s6 lwgng mot cau hinh to
hop nao d6. Ngudi hoc biét ung dung phuong phap sinh phan tir ké tiép, phuong phap quay lui dé
ligt ke tat ca cac cau hinh can dém hodc cac cau hinh thoa man thém mét hodc mot sb diéu kién nao
do.

1.1 BAI TOAN PEM
1.1.1 Nguyén ly cong, nguyén ly nhan, nguyén ly bu trir

Ki hiéu: N(X) la sé phdn tir cia tdp hop X

Nguyén ly cong:

NéuAnB=¢thi| N(AUB)=N(A)+N(B) | Pichist AU A =X thiN(4) = N(X) — N(A).

; ‘ = ) + ... + N(Am)
Neu {Ai NA;=0 (i#j ij=Tm M : i

N(A; X A, X ... X Ap,) = N(AD) X N(A2) X ... X N(An)

Nguyén ly nhdn:

Nguyén Iy bu triv: | N(ALUA, U . UAR) =Ny — Ny + -+ (1) 'Npp,

v6i Ne = i, <ip<cipem N(Ai, N4, NA;, N ...N A;,) 1a 56 cac phan tir thude vé it nhat k tap hop
khac nhau l4y tir m tap di cho.

Vidu 1: Co bao nhiéu xau nhi phdn co do dai 6 bit?
Giai.

Dat A = {0;1). Mbi xdu nhi phan do dai 6 dwoc coi la mot phd‘n tir cia tich Pé-cac A° =
AXAX...XA. Do vdy s6 xdu nhi phan d¢ dai 6 = N(4°%) = 2° = 64.

Vi du 2. C6 bao nhiéu xdu nhi phdn c¢é dg dai 10 bat dau 00 hogc két thiic 117

Giai.

11



Goi Ay = Tdp hop tdt ca cdc xdu nhi phin cé @b dai 10 bdt dau bang 00,
A1 = Tdp hop tdt ca cdc xdu nhi phan ¢6 do dai 10 két thiic bang 11.
= AoAr = Tdp hop tat ca cdc xdu nhi phan c6 do dai 10 bdt dau bang 00 va két thiic bang 11.
Vay 6 xdu nhi phdn théa man yéu cau bai toan la N(Ay U A1) = N(4y) + N(4;) — N(4p4,) =
= 28428 —26 =448

Vi du 3: Tir 1 d@én 1000 ¢6 bao nhiéu sé khéng chia hét cho bdt cit s6 nao trong cdc sé 3, 5, 7?

Giai.

Goi A3 = Tap tat ca cac sé tir 1 dén 1000 ma chia hét cho 3.

As = Tap tat cd cde sé tir I dén 1000 ma chia hét cho 5.

A7 = Tdp tdt ca cdc sé tir 1 dén 1000 ma chia hét cho 7.

S6 cdc s6 théa man yéu cau bai todn la: N(A; U As UA,) = 1000 — N(4; U A5 U 45).

N(A3U A5 UA;) = N(43) + N(4s) + N(A;) — N(4345) — N(454,) — N(434,) + N(A3454,)

[1000] [1000] [1000] [1000] [1000] [1000] [1100050

=333+ 200+ 142 — 66 — 28 — 47 + 9 = 543
Vady s6 cdc sé théa man badi todn la : 1000 — 543 = 457 (56).
1.1.2 Chinh hep — hoén vi - t6 hop

Chinh hop: Mot chinh hop chap k ctia n phan tir 1a mot b co thi ty gdm K phan tir khac nhau iy
tir n phan ttr da cho (k < n).

n!

S6 chinh hop chap k ctia n phan tir 1a A =n(n-1Dn-2)..(n—k+1)=-— =k

Hodn vi: Mot hoan vi ctia n phan tir 1a mot cach sip xép c6 th tu n phan tir 46

S6 hoan vi ctia n phan tir la P,=AT"=n(n-1)(n—-2)..21=n!

Téo hop: Mot td hop chap k ciia n phﬁn tir 14 mot cach chon ra mét tap con gém k phﬁn tir khac nhau
khong phén biét thir ty tir n phan tir di cho (k <= n).
Ak

| S—_
Cn = k! 12




S t6 hop chap k ctia n phan tir 1
Chuy:C =1; C! =n;
CK=Cr
CO+Cr+--+Cl=2m
CQ—Cr+C2—--+(-1)"Cr=0.
Vidu1: Chotdp A ¢é 10 phan tir.

(1) Tap hop A4 co bao nhiéu tdp con khdc nhau?
(2) C6 bao nhiéu tdp con cia A c6 sé phan tir 16?

Giai.

(1) S6 tap con ciia A la CY + Ciy + - + €1 = 210 = 1024.
(2) S6 tap con cia A c6 s6 phan tr lé la Cly+ Ciy+ 4+ Ciy = CY + CZ + -+ C) =
~(Cfo + Clo + -+ C1§) = 2° = 512.

Vi du 2: Cho mét luéi gom cdc 6 vudng. Cdc niit diege ddnh sé tir 0 dén n theo hang ngang tir trdi
qua phdi va tir 0 dén m theo hang doc tir dudi lén trén. Hoi ¢é bao nhiéu cdch di khdc nhau tir mit
(0,0) dén niit (n,m) néu chi cho phép di trén cdc canh é vudng theo chiéu ngang tir trdi sang phdi va
theo chiéu doc tir duedi lén trén.

(0;m) (n;m)

(0;0) (n;0)
Giai.
Mot duong di nhw vdy cé thé coi gom n+m budc, moi bude di sé nhdn mot trong hai gid tri la 0 néu
di sang ngang tir trdi qua phdi hodc la 1 néu di tir duéi 1én trén. Nhuwe v@y moi dwong di sé twong vng
Vol Mot va chi mot xau nhi phan co do dai n+m trong do co dung n bit 0 va m bit 1. Vay s6 duong di

s rm
la Cilym.

Vi du 3: C6 bao nhiéu cach lay ra k phan ti trong n phan tiz xép trén mét dwong thang sao cho
khéng c6 hai phan tir ké nhau nao dwoc ldy ra.
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Giai.

Khi ldy ra k phan tit, ta con Iai n — k phan tie. Giiza n — k phan ti ndy ¢é n —k + 1 khodng trong, ké
Cd hai dau, ¥ng Véi cac kha ndang vi tri cua k phan tir dwoc 1dy ra. Méi cdch ldy k phan tir theo yéu
Ccau bai todn twong vy Vi mét cach chon ra k khodng trong trong n — k +1 khodng tréng nay. Vay

$6 cach lay la CF_p ., .
Vi du 4: Nhue vi du 3 nhung k phan tie nam trén mét dwong tron.
Giai.

Cé dinh mét phan tir A ndao dé trong n phan tir. Chia cdch ldy ra lam 2 nhém: Nhém cdc cach c6
chon phan tir A va nhém cdc cach khéng chon phan ti A.

- Néu A dwoc chon thi hai phan tir ké A khéng dwoc chon va chi can lay k -1 phan ti tien — 3
phan ti con lai, cde phan tir ndy diwege coi nhw xép trén dwong thang. Theo Vi du 3 & trén, sé
cach thugc nhém nay la Ck=L_,.

- Néu khéng chon A, thi bé di phan tir A, ta phdi ldy k phan ti tie n — 1 phan ti ciing dwoc coi
nhie xép trén dwong thang. Sé cdch thuéc nhém nay la CK_,.. Theo nguyén Iy cong, S6 cdch
can tim la CFZE_, + CF_y.

1.1.3 Chinh hep lip - Té hep lip

Chinh hop lip: Mot chinh hop lip chap k cta n phan tir 1d mot bd sip thtr tu K phan tir 1y tir n phan
ttr dd cho, trong d6 mdi phan tir c6 thé 1y nhiéu lan (c6 thé k > n).

, N 1k — K
Sé chinh hop lap chap k cia n phan tir la A =n

Té hop lip: Mot t6 hop lap chap k cta n phan tir 14 mot cach chon ra k phan tir khong phan biét thi
tu 1ay tir n phan tir da cho, trong d6 mdi phan tir c6 thé dugc 1y nhiéu lan (c6 thé k > n).

S t6 hop lap chap k cta n phan tir 1a CY = Chir—a

Vidu 1: 86 t6 hop ldp chdp 3 cia 2 phan tir fa; b} la C3 = C} = 4. P6 la {a;a;a} ; {a;a;b};
{a;b;b} ; {b;b;b}.

Vi du 2: Tim 56 nghiém nguyén khéng am cia PT x +y +z=6 ().
Giai.

Mbi nghiém nguyén khéng am cia PT(1) twong ieng véi mot va chi mét t6 hop ldp chdp chdp 6 cia
3 phan tirx, y, z. Chang han nghiém (x =1,y =2,z = 3) < 16 hop ldp {x,y.y,2.2.2}.
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Vay so nghiém nguyén khéng am cia PT(1) = C¢ = cé = 28.

Vi du 3: Tim s6 nghiém nguyén ciia PT X +y +z +t =15 (2) théa man x > 1,y = 2,z = 3,t > 4 (*).
Giai.

Viét lai PT(2) < (x—1) +(y—2) + (z—3) + (t—4) = 5.

Tir d6 suy ra, sé6 nghiém nguyén cia PT(2) théa mdn (*) bang sé nghiém nguyén khéng dm cia
PT2): x’+y +z’+t'=5 (2

Vay s6 nghiém ciia PT(2) théa méan (*) la C; = C§ = 56
1.1.4 Pinh nghia bang dé quy va hé thirc truy hdi

Khdi ni¢gm dinh nghia bang dé quy: Ky thuat xac dinh mot déi twong thong qua chinh né goi 1a
dinh nghia bang d¢ quy.

Vidu I: Ta c¢é thé dinh nghia mét ham sé fxdc dinh trén tdp cdc sé nguyén khéng am nhw sau:

f(0) = 1; f(n+1) = 3f(n) + 2 (n = 0).

Bang gia tri cua ham fla:

n 0 1 2 3 4
f(n) 1 5 17 53 161

Vi du 2: Pinh nghia bang dé quy ciia day sé Fibonacci. Cho ddy s6 fo, f1, fa, ... xdc dinh nhw sau:
fo=0;fi=1;f, =fpa + iz (Yn = 2).

Cdc s6 hang tié'p theo cua day s61a: 0 1:1:2:3:5:8 ...

Dinh nghia hé thivc truy hoi:

(i) Hé thizc truy hoi (hay con goi 1a céng thirc truy héi, biéu thizc truy hoi) dbi véi day sé {a,} 1a
cong thirc biéu dién a, qua mot hay nhiéu s6 hang di trudc cua day, cu thé 1a biéu dién qua
cac s hang ay, @y, ..., an1 VOi Moi N nguyén, n > n,, trong d6 no 1a nguyén khong am,

(i) Cho day sb {ay, k € N}. Mot hé thitc truy hoi tuyén tinh thuan nhat bdc k véi hé sé hang 1a
mot hé thuc truy hdi ¢ dang a,= c1an1+ Coan_2+ ... + Can_« (¥) trong d6 C1, Cy, ..., ck la
cac so thuc va ¢, # 0.
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(iii)Phuong trinh M=cir P +cr® 2+ .+ ¢ duoc goi la phuwong trinh dac trung (PTDT)

cua cong thuc (*). S4 r théa man PTDT duoc goi la mdt nghiém dac trung cia no.
Vidu 3:

(1) Trong dinh nghia dé quy cia day Fibonacci hé thirc f, = fo.q + fo.2 la hé thirc truy hai tuyén
tinh thuan nhat bdc 2. PTPT cia hé thire ndy r* = r + 1. Céc diéu kién fo = 0; f1 = 1 goi Id
cdc diéu Kién ban dau cia day Fibonacci.

(2) Hé thic a, = 2an.3 la hé thirc truy hoi tuyén tinh thuan nhdt bac 3. PTPT cua hé thire nay la
rr=2.

Vi du 4: Hé thirc an = 3an.2 + (an-3)? 1d khdng phai la hé thirc truy héi tuyén tinh.
Hé thirc by = 2bna + 3 la khéng thuan nhdt. Hé thirc ¢n = N.Cn.2 khong c6 hé s6 la hang so.
M@ hinh héa bang hé thire truy héi.

Vi du 5: Bai todn 1di kép. Mot nguoi giri tiét kiém 100 triéu dong tai mét ngdn hang A véi ldi sudt

6,8% moi nam. Hét mot nam, néu khong rut tién ra nguoi do duoc cong so ldi vao goc va duoc tinh
lai cho nam tiéep theo (ldi kép). Hoi sau 10 nam gui ma trudc do khong rut ra mot lan nao thi so tién
nguoi do rut dwoc ca goc lan ldi la bao nhiéu?

Giai.

Goi Py, la tong so tién ca goc va lai cua nguoi do sau n nam. So tién P, bang so tién Py.1 cua nguoi
do co dwoc sau n-1 nam cong voi ldi suat cua nam thir n.

Ta c¢6 Py =100 (triéu); P1 = P + 0,068P¢ = 1,068P; ... ; Py = Py.q + 0,068Py.1 = 1,068P,.1 (1).
Duing phwong phdp Idp ta tim cong thirc tinh Py nhw sau. Dé thdy rang:
P2 = 1,068P; = 1,068°P,.

P, = 1,068P, = 1,068°P,.

P, = 1,068.P,.1 =1,068".P,.
Vay sau 10 nam nguoi do rut duoc s6 tien la Pip = 1,06810.]00 = 193 (tri¢u).

Vi du 6: Tim céng thirc truy hoi tinh sé xdau nhi phdn c¢é dg dai n ma khéng cé 2 bit 0 lién tiép.
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Gidi.

Ki hiéu w,, la mot xau nhi phan co do dai n.Goi ay la $6 xAu nhi phdn co do dai n ma khong co 2 bit
0 lién tiép (n = 1).

Voin=1thicéo2xdulal; 0 => ay=2.
Voin=2thicocdcxdaula 11 ;10;01 =>a,=3.
Véi Vn = 3 thi xay ra hai truong hop

THI: Néu bit dau tién bén trdi cia xdu w,, la 1 thi w,, phdi cé dang w, = 1w,_,. S6 xdu nhi phdn
dé dai n ma khéng cé 2 bit 0 lién tiép trong truong hop 1 1 an.1.

TH?2: Néu bit ddu tién bén trdi ciia xdu w,, la 0 thi w,, phdi c6 dang w, = 01w,_,. S6 xdu nhi phdn
dé dai n ma khéng cé 2 bit 0 lién tiép trong truong hop 2 1d an-.

de VO"i Vn 2 3 thi an = an-]_ + an-2 ; 8.1 = 2 Vd as = 3
Gidi cdc hé thirc truy héi tuyén tinh thudn nhét véi hé sé hiang

Dinh ly: Cho cong thirc truy hoi tuyén tinh thudn nhat bic hai a, =cCran_1+ C2an_» (*) voi ¢y,
c€ R.

Q) Néu PTDT r’=c¢; r + ¢, ¢6 hai nghiém thuc phan biét ry, r; thi cong thire tinh truc
tiép a, hay nghiém cia cong thirc (*) 1a a,, =«;. 7 +,. 7 trong d6 4, &, 1a cac
hang sé duoc xac dinh nhd cac diéu Kién ban dau cua cong thic truy hoi.

(i) Néu PTDT r> = ¢y r + ¢, c6 nghiém kép r1 = r, = ro thi cong thirc tinh truc tiép cua
anla a, = o<;. 1! +o¢,. n. 1 trong d6 o4, &, 14 cac hang sb dwoc xac dinh nho cac
diéu kién ban dau caa cong thuc truy hoi.

Vidu 7: Tim 56 xdu nhi phdn cé d¢ dai 10 ma khéng cé 2 bit 0 lién tiép.
Gidi.

Theo vi du 2, goi an ld s6 xdu nhi phdn c6 d¢ dai n ma khéng c6 2 bit 0 lién tiép, ta c6 cong thirc
truy hoi: an = any + ane (Vn = 3); a1 =2 va a; = 3.

PIPTIa P =r+1 &y =¥;r2 =¥.

n n
~ , LA , \ 1+v5 1-vV5
Cong thiee tryec tiép cua anla: an = K. ( +2\/—) + m. (T\/—) :

17



(B2 k+ () m
() s (25 m=3  ((E+1)m=3-2(2F)

2 2

Il
N
~~
w
+
Py
+
—_
N—
=~
Il
w
|
N
VY
=
‘ |
P
—

Tway =2vaa;=3suyra

k_5+3\/§

BT ) _543V5 [1+V5\" | 5-3V5 [1-VB\"

_5—3\/§'Vay =" (2) LT .(2),Vn21.
10

Véin = 10 thi s6 xdu nhi phan ¢6 do dai 10 ma khéng cé hai bit 0 lién tiép la: aio = 144,
Vi du 8: Tim nghiém ciia cdc hé thirc truy hoi sau:

a) a,=2an_1 - ay_» VGi Vn = 2, diéu kién ban dauay = 1; a; = 0.
b) a,=3a,_1 -4a,_3Vdi Vn > 3, diéukién ban diu ag =4;a;=3;a, =5

Giai.
a) PTPT: r*=2r—-1 & rn=r=1.
Cong thirc nghiém a, = k.1" + m.n.1" = k+m.n
k+m0=1 { k=1
o :
k4+m1=0 m=—1

ah=1-n,vn=>0

T ag :1;a1:05uyra{

Vay

b) PTPT: *=3r" -4 & rP-3r+4=0® n=rn=2r3=-1.
Céng thirc nghiém a, = k.2" + m.n.2" + s.(-1)".
k+mO0O+s=4 k=3
Twr ap :4;a1:3;a2:55uyra[2k+2m—s=3<—>{m=—1.
4k +8m+s=5 s=1

an=32"-n2"+(-1)",vn=0

Vay

1.2 BAI TOAN LIET KK

Xét cac vi du sau. Vi du 1: Mot nguoi du lich can di tham quan ¢ 6 thanh phé khac nhau, hay tim
mot hanh trinh di qua céc thanh ph theo thi tu nao dé chi phi it nhat. Mot cach giai bai toan nay la
ta phai xac dinh chi phi di lai cho moi mot trong 6! = 720 tht ty khac nhau di qua 6 thanh phé, sau
d6 chon mgt hanh trinh c6 chi phi nho nhat. Vi du 2: Mot phong lam viéc c6 15 nhan vién. Pé thuc
hién hién mot dé 4n can 3 nguoi va 8 k§ niang (mdi nhan vién co thé biét mot hodc nhiéu trong 8 ky
ning d6). Mot cach tim ra nhirng nhém 3 nguoi thuc hién dé an d6 1a: liét ké tat ca cac tap con 3
ngudi cia tap hop gdm 15 nguoi va sau d6 kiém tra xem ting nhom cé thé thuc hién duoc 8 k¥
nang da cho khong.
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Trong nhiéu bai toan, nhiéu khi ta can chi ra (liét ké) tit ca cac hoan vi hay cac cdu hinh t6 hop chur
khong phai dém s6 lugng ciia chung. Viéc liét ké cac ciu hinh can phai théa man cac nguyén tic
Sau:

(1) Khong duoc 13p lai mot cau hinh da dém.
(2)  Khong duoc dé sot mot cau hinh nao.
1.2.1 Phwong phap sinh phan tir ké tiép

Phuong phép sinh ¢ thé 4p dung dé giai bai toan liét ké t6 hop néu hai diéu kién sau duoc thoa
man:

(1) C6 thé xdc dinh dwoc mét thi tie trén tap cac cu hinh to hop can liét ké. Tur d6 xac dinh
duoc cau hinh dau tién va cau hinh cudi cing theo thir tu do.

(2) C6 thé xdy dung diroc thudt todn: tir cau hinh dang xét, chua phai 1a cudi ciing, dua ra ciu
hinh ké tiép.

Bai todn 1: Liét ké tat ca cac xau nhi phan c6 do dain.
Giai.

Vi mdi xau nhi phan b c6 d6 dai n co thé coi 1a biéu dién nhi phan cia mot sé nguyén duong p(b)
nao do. Do vay, trong tap tat ca cac xau nhi phan c6 do dain, ta co thé x4c dinh tht tu nhu sau: Day
b = biby...b, dimg trudc b’=b"1b’;...b ", néu sb nguyén p(b) < p(b’).

Theo thir tu nay (goi 1a thu ty tu nhién hay thir tu tur dién), xau nhi phan dau tién 1a 00...0, xau cudi
cung la /1/...1 va hai xau 1ién k& nhau hon kém nhau 1 don vi theo hé co s6 2 ¢6 nhd, tic 1a xau lién
sau = xau lién trude cong 1 theo h¢ co s6 2 ¢6 nhé.

Thuat toan sinh xau nhi phan ké tiép b = bsb,...5, (b khac 71...1) dugc md ta nhu sau:
(1) Tim tir phai qua trai, chi s6 i dau tién ma bit b; = 0.
(2) Gan lai b; = 1 va cac bit & bén phai b; gan = 0 (tic 1a b; = 0 véi moi j > i) ta dwoc xau can
tim.
Vi du 1: Liét ké tdt ca cdc xdu nhi phan co do dai 3 theo thir ty ty nhién.
Giai.

Ap dung thudt toan sinh phdn tr ké tié’p, theo thir tu tw nhién, tat ca céc xéu nhi phan co6 do dai 3 la:
000; 001, 010, 011, 100; 101; 110; 111 (co 2=3 xdu).

Vi du 2: Theo thit tw tw nhién, day nhi phdn cé d¢ dai 10 ké tiép day 1011010111 la: 1011011000.
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Bii todn 2: Liét ké tit ca cac tp con c6 m phan tir cua tdp X gom n phan tir duoc danh s tir 1 dén n.
Giai.

MJi tap con m phén tir ctia X duoc coi 1a mot by co thi ty m thanh phan a = (ay, az, ..., am) thoa
minl < a; <ap < ...< ap<n. Trong tap tit ca cic tAp con M phan tir cia tap X ta xac dinh tha tu
nhu sau: Tap con a = (ay, @y ..., am) dung trudc tdp con a’ = (a'’y, a’ ..., a’m) néu ton tai chi s6 k
(I<sk<m)saocho:ai=ah;a=a’,;..; a1 =a’k_1; a& < a’k (hay xét tir trai qua phai, bé qua
cac phan tir bang nhau, tdp con nao c6 phan tir dau tién bé hon thi dtng trudc).

Theo thir tu nay, tap con dau tién 1a {1, 2, ..., m}, tdp con cudi cing 1a {n-m +1, n-m +2, ..., n}.

Thuat toan sinh phan tir ké tiép tap a = (ay, @z, ..., am) , v6i (a1, @z, ..., am) # ¢ = {n —m+1, n —m+2,
..., n}, dugc mo ta nhu sau:

(1) Tim tir phai qua trai, chi s6 i dau tién ma a; < ¢; (V6i ¢; = n—m + i; a; goi a phan tir ting).
(2) Thay @i, @i+1, ..., am lanluotboia; + 1, (@ + 1)+ 1, .., (@ + 1)+ m—i.

Vi du 1: Liét ké tdt ca cdc tdp con cé 3 phan tir cua tip X = {1; 2; 3; 4; 5).
Giai.

Cdc tdp con ¢6 3 phan tr ciia X la {1;2;3), {1;2;4), {1:2;5), {1;3:4), {1;3;5), {1;4;5}, {2;3;4),
{2:3:5), {2:4:5}, {3:4:5). (C6 C3 =10 16 hop).

Vi du 2: Trong tdt ca cdc tdp con cé 4 phan tir cia tdp {1; 2; ...; 10}, theo thir tir tw nhién tdp con ké
tiép tap {3; 6; 7; 10} la : {3; 6; 8; 9}.

Bai todn 3: Liét ké cac hoan vicda n phz:in tir duwoc danh so tir 1 dén n.
Giai.

Thir tu cta cac hoan vi x4c dinh nhu bai toan 2. Theo thir ty nay, hoan vi dau tién 1a {1, 2, ..,n}va
hoén vi cubi cungla{n,n-1,n-2, .., 1}.

Thuét toan sinh hoan vi ké tiép cuahoanvia={ay, ay, ..., an}l,a#={n,n-1,n-2, ..., I} dugc mo
ta nhu sau:

(1) Tim tlr phai qua trai chi sb j dAu tién thoa man a; < & +1. (a goi 1a phan tir hoan ddi)

(2) Tim phan tir ax nho nhat trong cac sd & bén phai a; ma 16n hon aj.

€)) bbi chd aj va ay, sau do thay doan aj+1, ..., an béng hoan vi dAu tién cua n -] phﬁn tor nay
(tire sap xép lai n — j phan tir bén phai theo thir tu ting dan).
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Vidu 1: Liét ké tat cd cac hodn vi ciia 4 phan tir {1; 2; 3; 4).
Gidi. Cdc hodn vi ciia 4 phan tir dé cho la
{1,2:3;4}, {1:2;4:3}, {1;3:2;4}, {1:3;4:2}, {1;4;2;3}. {1,4:3;2},
{21334}, {2,1,4:3} {2;3; 14}, {2:3:4;1} {2;4;1;3}, {24:3;1},
(3:1:2;4}, {3:1,4:2}, {3,214}, {3:2;4:1}, {3:4:1;2}, {3:4;2:1},
{4:1:2:3), {4:1:3:2), {4:2:1:3}, {4:2:3:1}, {4:3:1;2}, {4:3:2:1}. (C6 4! = 24 hodn vi)

Vi du 2: Trong tdt ca cdc hodn vi cia tdp X = {1; 2; ...;10}, theo thir ti tir nhién hodn vi ké tiép
hodan vi {3;6;7;10;9; 8;5;4;2;1}la:{3;6;8;1;2;4;5;7;9; 10}.

1.2.2 Phwong phap quay lui

Noi dung cta thuat toan nay 1a tim dan cac thanh phan cua ciu hinh bing cach thir tit ca cac kha
ning. Gia thiét cdu hinh can tim dugc mo ta bang mdt bd gdm n thanh phan Xi, Xo, ..., xn va dd tim
duoc k — 1 thanh phﬁn X1, Xo, ..., Xk—1. Thanh phén Xk tiép theo ctia ciu hinh duoc xac dinh theo cach
Sau:

(1) Goi Ty 1a tap tat ca cac kha ning ma X, c6 thé nhan dugc.

(2) Thir lan luot tét ca cac phan tir x; thudc Ty. Néu chap nhan x; tirc 1 xi da tim duoc thi tiép tuc
tim Xy + 1. Néu khong chap nhan moi x;, tirc 1a khong tim dugc X thi quay lai bude trude dé
xac dinh lai xx_1.

Phuong phéap quay lui c¢6 thé dugc mé ta bang cdy tim kiém voéi n muc twong tng véi n thanh phan
ctia cau hinh. Mdi duong di tir gbc dén dinh mirc n 13 mot ciu hinh can tim.

/ \ Kha ning chon x1

Kha ning chon x2
o v61 x1 dd chon

Kha ning chon x3
v x2 da chon

Hinh 1.1. Cay li¢t ké 1oi gidi cho thuit toan quay lui.

Vi du 1: Liét ké tdt ca cdc s6 cé ba chir s6 khdc nhau chia hét cho 5, tong ba chir s6 ciia né bang 10.
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Gidi. Goi s6 can ldp la abc.
Tacéa€{1;2;..;95b€{0;1;2;...;9};,c€{0;5}; a= b #c; a+ b+ c = 10.
Caéy liét ké 161 gidi -

()
Kha ning chon ¢
ol e 0O QO @ O O ) Kha néng chon a
1 2 3 41 5 6 7] 8 9 1 2 3 4
Kha ning chon b
o O O O O O O o e BN e
9 8 7 6 4 3 2 1 4 3 2 1

Hinh 1.2. Cay liét ké cac s6 ¢6 3 chir s6 khac nhau, chia hét cho 5 va c6 tong cac chir s6 bing 10.

Vay c6 tat ca 12 sé théa mén yéu cau bai todn. D6 la: 190; 280; 370, 460; 640; 730; 820; 910; 145;
235:; 325: 415.

Vi du 2: Liét ké tdt ca cdc xdu nhi phdn c¢é dé dai 5 ma khéng c6 hai bit 1 ding lién nhau.
Giai.
Goi xau nhi phan do dai 5 co dang a;a283a48s. Cay liét ké loi giai nhu sau:

Kha ning chon ay

Kha nang chon a2
Kha néng chon as

Kha ning chon as

Kha nang chon as
01 001 00100 1 0 1

Hinh 1.3. Ciy li¢t ké cAc x4u nhi phan d9 dai 5 ma khong c6 hai bit 1 dirng lién nhau.
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Viy cé tdt ca 13 xdu théa man bai todan. D6 la: 01000; 01001; 01010; 00100; 00101; 00010;
00000; 00001; 10010; 10000; 100001; 10100; 10101.

BAI TAP CHUONG 1.

1.1. C6 15 hop banh duoc xép vao 3 thung hang chua ddy, thung 1 c6 thé xép thém tdi da 5 hop,
thing 2 ¢ thé xép thém 10 hop va thung 3 ¢ thé xép thém 7 hop. Hoi c6 bao nhiéu cach xép 15 hop
banh vao 3 thung hang d6?

1.2. Mbi bién dang ki xe may tai Ha Noi c6 dang VV-C-NNNN, trong d6 VV 1a ma ving, C 1a mot
chir cai bat ki trong bang chir cai tiéng Anh, NNNNN 1a 5 chit s6 dugc ldy ngau nhién. Ma ving cia
Ha Noi ¢6 thé cac s sau 1a 29, 30, 31, 32, 33 hoic 40. Héi ¢6 nhidu nhét bao nhiéu bién dang ki xe
khac nhau?

1.3. Dur én danh s6 dién thoai. Dang cua s6 dién thoai ¢ Béc MY duogc quy dinh nhu sau trong di dn
danh so. S6 dién thoai gém 10 chir sb duoc tach ra thanh mot nhom ma vung gém 3 chit s6, nhom
ma chi nhanh gdm 3 chit s va nhdm md may gém 4 chir sd. Vi nhitng nguyén nhan k¥ thuat nén co
mot s6 han ché d6i véi cac mot sd chit do. Pé xac dinh dang cho phép, gia su X biéu thi chit s6 co
thé nhan cac giatritu O dén 9, N 1a chit sb co thé nhan cac gia tritu 2 dén 9 va Y 1a céc chit sb co thé
nhan gia tri la 0 hoac 1. Hai du 4n danh ) goi la du an cii va dy &n méi s€ dugce thao ludn (Dy an cii
duoc dung tir nhirng nam 1960 va sau d6 cudi cing du an méi da duoc dung thay thé & Bic My).
Trong du an cii ma vung-ma chi nhanh-ma may tuong tng 1a NYX-NNX-XXXX, con theo du 4&n méi
1a NXX-NXX-XXXX. Hay xac dinh xem c6 bao nhiéu s dién thoai khac nhau ¢ Bic M§?

1.4. Trong mot cudc dibu tra 300 khach hang str dung dién thoai, ngudi ta thiy co 195 khach hang
st dung mang Vinaphone, 135 nguodi dung mang Viettel, 124 nguodi dung MobiFone, 85 nguoi dung
ca hai mang Vinaphone va Viettel, 68 nguoi dung Viettel va MobiFone, 79 nguoi dung Vinaphone
va MobiFone va cé 14 nguoi dung ca ba mang trén. Hoi ¢6 bao nhi€u khach hang sir dung dién thoai
ma khong dung ca 3 mang nay?

1.5. Trong tong sd 854 sinh vién ciia mot khoa trong mot trudng dai hoc c¢6 673 di hoc ngdn ngir lap
trinh Pascal, 547 dd hoc ngon ngit Fortran va 245 da hoc ngon ngit C. Ngoai ra con biét 152 sinh
vién hoc ca C va Fortran, 445 sinh vién da hoc Pascal va Fortran va 138 sinh vién da hoc Pascal va
C. Néu ¢6 105 sinh vién d hoc ca Pascal, Fortran va C thi trong truong d6 c6 bao nhiéu sinh vién
chua hoc mon nao trong c4 ba mén Pascal, Fortran, C?

1.6. C6 bao nhi€u xau nhi phan c6 do dai 8 c6 chira mot sd chén bit 0?
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1.7. Mot tai xé xe buyt phai tra tién vé cau duong 1a 45000 dong. V6i cac ddng ménh gia 20000,
10000 va 5000 thi tai xé d6 c6 bao nhiéu cach thanh toan?

1.8. Cho phuong trinh X; + Xz + X3 + X4 + X5 = 30. C6 bao nhiéu nghi€ém nguyén khong am théa man
tirng truong hop sau:

a) x;,21 Vi=1;5.

b) x;,=21; x,=22; x3=>3; x,=>4%; x5 =5.
c) x; <5.

d) x; <5 va x, > 6.

1.9. C6 bao nhiéu x4u nhi phan c6 do dai 9 bat dau 000 hoac két thac 1111?

1.10. Mat khau ctia mdt may tinh phai ¢6 6, 7 hodc 8 ki tw. Mdi ki ty c¢6 thé 1a mot chir sb hodc mot
chir cai. M&i mat khau phai chira it nhit mot chit sd. Hoi ¢ bao nhiéu mat khau nhu vay?

1.11. Dung phuong phap lap, hiy tim nghiém cua cac hé thirc truy hdi véi cac diéu kién dau twong
ung nhu sau:

Q) a,=a,1+n, ay=1.

b) a, =a,_1+2n-3, a,=3.
C) a, =2a,_1+2, a;=1.

d) a,=n.a,_;, a,=>5.

1.12. Gia st dan sb thé giéi naim 2016 13 7,3 ty ngudi va ting voi tbe do 1,2% mot nam.

a) Hay lap hé thic truy hdi cho dan s6 thé gisi n nim sau nim 2016.
b) Tim cong thirc twdng minh cho dan sb thé gisi n nim sau ndm 2016.
¢) Dan sb thé gisi vao nim 2030 1a bao nhiéu?

1.13. Tim hé thirc truy hdi tinh s§ xau nhi phan c6 d6 dai n:

a) Chura hai bit 0 lién tiép? C6 bao nhiéu xau nhu vay c6 do dai 8?
b) Chira xau 01? C6 bao nhiéu xau nhu vay c6 do dai 7?
¢) C6 mot s chin bit 02 Co bao nhidu xau nhu vay c6 do dai 10?

1.14. Mdt nguoi thué nha voi hop ddng nhu sau: Nam thir nhat phai tra 3 500 000 dong, ké tir nim
thir hai tr& di, m6i ndm anh ta phai tra thém 5% tién thué nha ctia nim trudc va thém 250 000 dong.

a) Hay tim hé thic truy hdi tinh tién thué nha ngudi d6 phai tra trong nam tha n.

b) Hay tim cong thirc twdng minh tinh s6 tién nguoi thué nha phai tra trong nam thir n? Sé tién
thué nha phai tra sau 5 nam 1a bao nhiéu?
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1.15. Tinh s6 cach di 1én vuot qua n bac thang, biét mdi l1an bude 12 mot hodc hai bac.

1 1
1 n+ n+

HD:a;1=1;ay=2;a3=a;+ax, ..., an=2an_1 +an_». Ds: a, = ﬁ(1+2\/§) —%(1_2—\@)

1.16. Tim nghi¢m cua hé thic truy hoi voi cac dicu kién dau nhu sau:

a) ay=an1+6a,, v6in=>2; ap=3vaa; =6.

b) an=2ap,v6in=>2; ap=5 vaa; =-1.

C) an=—06ap1—9av6in=>2; ap=3vaa; =-3.

d) ay=7an2+6an3 voin=3; ap=9, a1 = 10, a, = 32.

1.17. Hay xdy dung thuat toan sinh tdp con cua tip co n phan tir. Liét ké tit ca cac tap con cia tip

{1; 2; 3; 4} theo thuat toan do.

1.18. Hay xay dung thuat toan sinh ra chinh hop chap r cia n phan tar. Liét ké tat ca cac chinh hop

chap 3 ctia 5 phan tir {1; 2; 3; 4; 5} theo thuat toan do.

1.19. Ap dung thuat toan quay lui, liét ké tit ca cac xau nhi phan c6 do dai 5 ma co it nhat hai bit 1

dung lién nhau.
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Chuong 2.

CAC KHAI NIEM CO BAN VE PO THL.
Muc tiéu: Nguoi hoc xac dinh duoc mot s dang d6 thi nhu do thi day du K,, dd thi vong
Cn,...Nguoi hoc xac dinh va trinh bay lai duoc cac cach biéu dién do thi trén may tinh. Nhan dién
duogc hai db thi cho trude c¢6 dang ciu hay khong. Nguoi hoc xac dinh va nhan dién duoc duong di,
chu trinh, d6 thi con, d4 thi bd phan, d thi lién thong, dinh cat, canh cit. Ngudi hoc xéc dinh duoc
s6 on dinh trong, s6 6n dinh ngoai, nhan va sac sé cia d6 thi. Ung dung sic s6 vao bai toan 1ap lich
thi va t6 mau ban do.

2.1.BIEU DIEN HINH HQC CUA PO THI VA MQT SO DANG PO THI PAC BIET.
2.1.1.Cac dinh nghia

Dinh nghia 1: D6 thi 1a mot ciu tric rdi rac bao gdm céac dink va cac canh ndi cac dinh nay.
Ki hiéu d6 thi G = (X, U), trong dé

{X la tip cac dinh — 1a tip cac doi twong nao do.
U c X x X 1atap cac canh, mdi canh (x,y) ndi dinh x véi y (x,y € X).

Ta goi G 1a mot do thi hifu han néu G c6 tap dinh X hitu han, nguoc lai néu X 1a tap vo han thi G goi
14 do thi vé han.

Hon nira, néu moi canh (x,y) € U khong phan biét thir ty dinh ddu va dinh cudi thi G duogc goi la
dé thi vé huéng. Nguoc lai, néu moi canh (x, y) € U c6 phan biét thir ty x 1a dinh dau va y la dinh
cudi thi dd thi G goi 1a d6 thi ¢ hudng. Trong trudng hop can chi rd, ta goi cac canh trong dd thi vo
hudng 13 cac canh vé hwéng, con cac canh trong d thi co hudng cac canh ¢é hurdng (hodc cung).

Vi du 1: Xét so do mot mang mdy tinh tai co quan A, mang nay gom cdc mdy tinh va cac dwong dién
thogi. Trong mang ndy, c¢é nhiéu nhat mot dwong dién thoai gita hai mdy, méi dwong dién thoai
hoat ddng theo ca hai chiéu va khéng c¢é may tinh ndo c6 dwong dién thoai néi dén chinh né. Ta cé
thé biéu dién méi may tinh bcing mét diém va moi duong dién thoai b&ng mot canh nhuw hinh vé sau:

My 5

May 7

My 3

Hinh 2.1. So' 6 mang may tinh ¢6 nhiéu nhit mot dwong dién thoai.
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Nhu vdy, mang nay co thé moé hinh bang mot do thi vo huong, voi cdac dinh biéu dién cac may tinh,
va cdc canh vo huwong biéu dién cdc duong dién thoai.

Truong hop cac duong dién thoai hoat dong chi mot chiéu, thi cac dudng dién thoai hai chiéu duoc
biéu dién bang mot cip canh c6 chiéu ngugce nhau. Mang may tinh nay c6 thé mé hinh bang mot db
thi c6 hudng.

Trong mang may tinh trén, giita hai mdy c6 nhiéu nhat mot duong dién thoai, mdi dudng hoat dong
ca hai chiéu, va khong mdy tinh nao c6 dudng dién thoai néi dén chinh nd. Db thi mé hinh cho so d6
mang may tinh c¢6 nhiéu nhat mot duong dién thoai (Hinh 2.1) 1a mot don db thi vo hudng.

Dinh nghia 2: Cho d6 thi G = (X, U).

(1) Néu canh u = (x,x) € U thi u duoc goi 1a mot khuyén va x duoc goi 1a dinh c6 khuyén.

(2) Néu hai canh u, v € U c6 chung dinh dau va chung dinh cudi thi u, v duoc goi 1a cac canh
(cung) bgi. Noi cach khac cac canh boi ndi cing mét cap dinh.

(3) Db thi G goi 1a don do thi néu G khong c6 khuyén, khéng c6 canh boi; G goi 1a da dé thi néu
G khong c6 khuyén nhung ¢ canh boi; va G goi 1a gia do thi néu G c6 khuyén.

Biéu dién hinh hoc ciia dé thi:

(1) Méi dinh biéu dién bai mot diém trén mat phang.

(2) Méi canh trong db thi vé hudng duoc biéu dién bai mot doan thiang hoic cung cong.

(3) Mdi cung u = (x, y) trong dd thi c6 hudng duogc biéu dién boi doan thing hodc cung cong co
mili tén chi huéng tir dinh dau x dén dinh cudi y.

(4) Mé&i khuyén (x, x) duoc biéu dign boi mot vong xuyén tir X dén chinh no.

Vi du 2: Pé thi mé hinh cho mét mang may tinh co cac dwong dién thoai mot chiéu la mot do thi cd
huong (Hinh 2.2).

May 5
May 7

May 3

Hinh 2.2. So' @ mang may tinh c6 cic dwong dién thoai mét chidu.

D6 thi mé hinh cho mét mang mdy tinh trong trieong hop c6 nhiéu dwong dién thoqi gita cdc mdy
tinh chinh la mét da do thi (Hinh 2.3).
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My 5
My 7

May 3

Hinh 2.3. So' 6 mang may tinh c6 nhiéu dwong dién thoai.

Va do thi mé hinh cho mot mang mdy tinh co dwong dién thoai tw mot may toi chinh no la mot gia
do thi (Hinh 2.4).

My 2 My 5

May 1 May 7
May 4

My 3 May 6

Hinh 2.4. So' d6 mang may tinh c¢6 cac dwong dién thoai ndi bd.
Dinh nghia 3: Cho G = (X, U).

(1) Cho x,y € X 1a hai dinh va u = (x,y) € U 1la mot canh (cung) cua G thi:
hai dinh x, y ké nhau;
Ta noi: x,y 1a cac dinh ké (diém diu mat)chta canh u;
u la canh ké hay canh lién thubc véi cac dinh x va dinh y.
(2) Hai canh (cung) u, v goi la hai canh (cung) ké nhau néu chung c6 chung mét dinh.
(3) Trong d6 thi vo huéng G, bdc cua dinh X, ki hiéu 1a deg(x), 1a mot sb thuc xac dinh nhu sau:

deg(x) = S6 canh ké dinh x

(Dic biét, khuyén tai mot dinh duoc tinh hai 1an cho bac caa no)

Tuong tu, trong do thi c6 hudng G, ban bdc vao va bdn bdc ra cua dinh X, ki hiéu 1an Iuot 1a
deg "(x) va deg*(x) duoc xac dinh :

deg (x) = S cung di vao dinh x | | deg*(x) = S cung di ra tir dinh x
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(4) Pinh c6 Idp trong db thi vo huéng 1a dinh co bac bang 0, con trong d6 thi ¢ huéng 1a dinh
c6 tong ban bac vao va ban bac ra bang 0.

(5) Pinh treo 1a dinh c6 bac bang 1 (hoic tong ban bac vao va ban bac ra bang 1).

(6) Canh (cung) treo 1a canh (cung) ké véi dinh treo.

Vi du 3: Xdc dinh bdc ciia cdc dinh; dinh treo; dinh ¢6 Idp; canh (cung) treo trong cdc dé thi sau.

e
b k
d
f
C
Hinh 2.5. Do thj vé6 hwéng P va do thi c6 huwdng Q.
Ta c6 bac cua cac dinh trong P la: Ta co ban bdc vao va ban bdc ra cua cdc dinh
trong Q la:
Pbimh |A|B|C|D|E|F|G|H]|K Dinhx lalblcldlelf] k

deg (x) 1|11(2 2|2 ]|2]|1
deg " (x) 1(3|1]2|0]1]3

Bic |3 |4 |5|4]12|5]2]1|0

Vay trong do thi vé hudmg P cé: K la dinh cé

lip: H li dinh treo; Canh (B,H) ld canh treo. Vay trong do thi co huong Q: khong co dinh co

ldp, dinh treo, cung treo.
M@t sé tinh chit vé bdc ciia cdc dinh trong dé thi:

(1) : Trong dd thi v6 huéng G = (X, U) : Y,cx deg(x) = 2N(U).

Trong d thi c6 huéng G = (X, U) : Y, ex deg(x) = ¥ ex deg™ (x) = N(U).
(2) : Trong d6 thi vo hudéng sé dinh bac 1é 13 mot s6 chin.
(3) : Trong don d6 thi v hudng, ludn ton tai it nhat hai dinh cing bac.

2.1.2. M@t s6 dang dom d6 thi vé hwéng dic biét
Do thi ddy dii K., .
Do thi ddy dit K, 1d mot dd thi c6 n dinh ma hai dinh bét ki lun ké nhau.

n dinh (moi dinh déu c6 bacn — 1)

Nhu vay, K, ¢6 _
u vay, Kkn CO {n(n2 2) Cal’lh
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X1

X1 X X2
- [ e — |
X2 X3
Ki Ks X1
Ks
X2 3
X1 X2 Xl
X2 X3
X4 X5
X
X3 X4 6
K4 X4 X5 Ks
Ks

Hinh 2.6. Do thi vé huéng diy di K,..

Do thi vong C, .

Do thi vong Cp la mot dd thi c6 n dinh (n = 3): X1; X2, ..., xp cung co bac béng 2 va ¢6 n canh ndi
tiép nhau tao thanh mdt vong tron: (X1, X2); (X2, X3); ...; (Xn-1, Xn); (Xn, X1).

X1

X1 X2
X1

X2 X3 X3 X4 X4 X5

Cs Cy C

[

Hinh 2.7. Do thi vong C,

Do thi bdnh xe W,, .

D6 thi banh xe W, 1a mot dd thi co n+1 dinh dugc sinh ra tir d6 thi vong C, bang cach thém mot
dinh va ndi dinh nay véi tat ca cac dinh caa C, boin canh moi.

n + 1 dinh (n dinh bac 3 va mot dinh bac n)

Nhu vay, W, cé {Zn canh
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N D
A X R

X2 X3 X3 X4 X4 X3

W3 W, Ws

Hinh 2.8. P thi banh xe W, .
Do thi lap phwong O, .

D6 thi ldp phirong Op 12 mot @6 thi c6 2" dinh, mdi dinh biéu dién bang mot xau nhi phan c6 do dai
n, va gitta hai dinh c6 mot canh ndi néu cac x4u nhi phan biéu dién chiing khac nhau diing mét bit.

2™ dinh (moi dinh déu cé bacn)

Nhu vay, Qn c6 {n. 2™ 1 canh

110 111
10 11
Al
100 101
0 1
*————= 010 011
o0 01 ooo Dl
Qi Q2 3

Hinh 2.9. Db thi 1ap phuong Q..

2.2.BIEU DIEN DANG PAI SO CUA PO THI. SUPANG CAU GIUA CAC PO THI.

C6 nhiéu cach biéu didn do thi. Dé luu trit d6 thi va thuc hién cac thuat toan khac nhau véi do thi
trén may tinh can phai chon dugc cach biéu dién thich hop nhit, diéu nay c6 tic dong rat 16n dén
hi€u qua cta thuat todn. Sau day la cac cach khac nhau dé biéu dién d6 thi.

2.2.1.Biéu dién do thi biang danh sich ké
Mot cach biéu dién dd thi khong co canh boi 1a liét ké tat ca cac canh (cung). Cu thé, véi mdi dinh

cua do thi, ta xay dung mot danh sdch moc noi chira cac dinh ké voi dinh nay. Danh sach nay duoc
g0i 14 danh sach ké. Danh sach ké chi rd cac dinh n6i véi mdi dinh ctia do thi.
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Dinh nghia: Cho G = (X, U) khdng co canh boi.

(1) Mdi x € X, dat Ke(x) = {yeX | (x, y) € U}. Ke(x) 1a tdp dinh c¢é canh (cung) di tir X dén.
(2) Tap hop {Ke(x),x € X} dugc goi 1a danh sach ké cia d6 thi G. Noi cach khac, danh sach ké
1a danh sach liét ké tat ca cac canh (cung) cua db thi.

Vi du > Diing danh sach ké @é mé ta cac do thi sau.

Hinh 2.10. D6 thi vé hwéng G va dd thi c6 hwéng H cé6 khuyén nhung khéng cé canh bdi.

Gidi.

Bang 2.1a. Danh sach ké
ciia d6 thi vé huéng G

DPinh dau DPinh cudi
a a,bc
b a,cde
C a, b, d
d b, c
e b
f 1)

Hay

Bang 2.1b. Miang cic danh sich ké biéu dién
db thi vd huéng G

Pk s | | | | |
' | | L* |
C*l ] |- | b | —e
oy e Oy ) B
— 1= | C | —d 7T
I | gy ] v ]
| [ —* [ b [ [

;
;
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Bang 2.2a. Danh sich ké Bang 2.2b. Miang cac danh sich ké biéu dién
ciia do thi c6 hwéng H dd thi c6 hwéng H

Pinh dau Dinh cuoi

Binh dau
a a,c 2 | >, c| ®
b d
Hay b I__I___;d .
c b
=SSR
d c

¢ | I >a >b }'d ©

Trong trudng hop dd thi c6 nhidu canh (cung) thi viée biéu dién do thi bang danh sach ké sé& rat cong
kénh, tham chi khéng thé biéu dién dwoc bang danh sdch ké néu do thi ¢6 canh (cung) boi. Pé khic
phuc diéu nay, ta co thé biéu didn dd thi béng ma tran ké hodc ma tran lién thudc.

2.2.2.Biéu dién do thi bing ma tran ké dinh-dinh
Dinh nghia: Cho d6 thi G = (X, U) véi tap dinh X dd duoc sip xép danh sb theo thir tu: X = {1, 2,

... N} Ma trdn ké cia d6 thi G 1a mot ma tran vuoéng A = (a;) cdp N c6 cac phan tir xac dinh nhu
Sau.

. _{0 néu (i,j) ¢ U
Y 7 (d néu cé d canh (cung) néi i, j

Vi du . Xac dinh ma trdn ké cua cac do thi sau.
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*f
Gy
c d
Hinh 2.11. P4 thi vé hwéng G; va dd thi ¢é huéng H; cé canh bdi.
Giai.
Ma trin ké ciia Gy iing véi s sdp xép cdc Va ma trdn ké cua Hi vmg véi sy sdp xép
dinh theo thurtw a, b, ¢, d, e, f'la nhu sau: cac dinh theo thirtw a, b, ¢, d, e la:
a b ¢c d e f a b ¢ d e
a[131000] a[10200]
b |13 0 2 1 1 0] B=b|00011|
A=c |1 2 0 1 0 0] C|01oooi
d lo 110 0 ol dl00100
e lo 100 0 o e l1 1.0 2 0
flooooo o

Tinh chit:

(1) Ma tran k& cua d6 thi tuy thudc vao thi tu liét ké (danh sd) cac dinh. M&i db thi n dinh thi c6 n!
ma tran ké khac nhau vi c6 n! cach sap xép n dinh.

(2) Ma tran ké cua d6 thi vo hudng 13 mot ma tran ddi xing cdp n. Ma tran k& caa mot do thi co
huéng thi khong d6i xang (vi voi @ # j thi a;; # aj;).

(3) Tong cac phan tir trén dong i bang bac (hay ban bac ra) cua dinh i. Tong cac phan tir trén cot
bang bac (hay ban bac vao) cua dinh j.

(4) D6 thi khong co khuyén thi cac phan tir trén dudng chéo chinh bang 0. B thi khong ¢ canh
boi thi ma tran ké 1a ma tran 0-1 (chi toan s6 0 va 1).

2.2.3.Biéu dién do thi bang ma tran lién thudc dinh-canh

Dinh nghia : Cho db thi G = (X, U) khdng c6 khuyén véi tap dinh X va tap canh (cung) U di duoc
danh sd thir tw a: X = {1; 2; ...; n}; U={uy, Uy, ..., Un}. Ma trdn lién thuéc cia G 1a ma train M =
(Mij) cap nXm c6 cac phan tir x4c dinh nhu sau :
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. o . 1 néu dinh i ké canh u;
(1) Néu G 1a d6 thi v6 hudng thi m;; = {0 néu dinh i khéng k& canh u;
1 néu dinh i 1a dinh dau cda cung u;
(2) Néu G 1a d6 thi c6 huéng thi m; = { —1 néu dinh i la dinh cudi ctia cung u; .
0 néu dinh i khong ké cung u;

Vidu :

Xdac dinh ma tran lién thudc cua do thi H»
voi cdac canh dwoc danh so nhu sau -

Hinh 2.12. D6 thi ¢6 hwéong H, khong c6 khuyén.

Gidi. Ma tran lién thudc cia do thi khong co khuyén H; la -

U; U, U3 Uy Us Ug U; Ug Ug U Unr

a -1 1 1 -1 0 0 0 0 0 0 O0f
M—b 11 0 0 0 -1 1 1 -1 0 0 O]
clo -1 -1 0 o o o 1 -1 0 o]
dlo o o o o o -1 0 1 -1 -1
elo 0o 0o 1 1 -1 0 0 o0 1 1J

2.2.4. Sw ding ciu giira cac do thij

Mot d6 thi ¢6 nhiéu cach biéu dién dang hinh hoc, ciing nhu biéu dién dang dai s6 khac nhau. Van
dé dat ra 1a can xét xem cac dang d6 c6 phai la biéu dién khac nhau cia cing mot do thi hay khong.
Céc dang biéu dién khac nhau cua cung mot dd thi duge goi la dfmg cAu véi nhau.

Dinh nghia: Hai don dd thi G, = (X1, U1) va Go= (X2, Uy) duoc goi la dfmg cAu voi nhau néu ton tai
mot song anh f: X; = X, sao cho f(Ke(x)) = Ke(f(x)) , Vx € X;.

(Anh cua dinh ké véi x thi ciing ké véi (x))
Tuc la (x,y) € U; & (f(x), f(y)) € U,, hay f bao toan quan hé lién k& giita cac dinh.

Tinh chit bit bién ciia hai don d6 thi ding ciu G; = (X1, Uy va Go= (X2, Uy) :
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Néu Gi, G, vo hudng thi deg(f(x)) = deg(x) véi Vx € X1. Ttc 1a dinh x bac k trong G; phai tuong
ung voi dinh f(x) bac k trong G,.

Tuong tu, d6i voi do thi c6 hudng Gy, G, thi deg®(f(x)) = deg*(x) véi Vx € X,.
Noi cach khac, hai d6 thi dang céu thi ching c6 cung sb dinh, dic biét cing sé dinh bic k hoic
cung s6 dinh co ban béc ra (ban bac vao) bang k. Do d6 hai do thi dang cau véi nhau thi ciing c6

cung sé canh (cung).

Vi du 1: Hai do thi Kava Wi la dcfng cau véi nhau

X1

X2
c d X3

Hinh 2.13. D6 thi vé huéng diy di K, va do thi banh xe Ws.

Vi ¢6 song danh f:{a;b;c;d} = {xq;x,; x3; x4} nhw sau : f@@) = xg; f(b) = x2 ; f(c) = x3; f(d) =
X4 bdo toan tinh lién ké gitra cac dinh. Thét vdy, dé dang kiém tra thdy -

f: arx;
b x,
C PP X3
d - x,
Ke(@) = {b; c; d} =>f({b; c; d}) = {X2; Xs; xa} = Ke(f(a)) ; Vdy f(Ke(a)) = Ke(f(a)). Tuong tu co:
f(Ke(b)) = Ke(f(b)) ; f(Ke(c)) = Ke(f(c)) ; f(Ke(d)) = Ke(f(d)) m

Vidu 2 : Xét xem cac do thi sau co dang cau voi nhau khong?

X1 X2 yi y2

X5

H v X3 G X4 ¥s H, ¥4

Hinh 2.14. Céc d6 thi vé hwéng GvaH ; G;vaH;.

Giai.
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(1) Ta c6 bdc cua cac dinh:

Do thi G Do thi H

Dinh| a | b|c|d|e| f|g|h|Dmh|s | t|u]|]Vv | x|y |w]|z

Bic| 2 |3 |32 |2 |3 |3 |2 |Bgc|3 /|2 /|3 |2 |3|2]|3]|2

G va H cung co6 4 dinh bdc 2 va 4 dinh bac 3. Ta xdy dung song anh :
fila;b;c;d;e; f;9;h} — {s; t; w;v; x; v; w; 2}
Do deg(f(a)) = deg(a) = 2 nén fla)e {t; v; y; z} .

Mat khac Ke(a) = {b; c} la hai dinh bdc 3 va Ke(f(a)) = f(Ke(a)) = {f (b); f(c)}, nén () ciing chi
ké véi diing hai dinh f(b) va f{(c) bdc 3.

Nhung ca 4 dinh t;v;y; z déu ké véi mot dinh bic 2 nén khéng xdc dinh dwoc dinh twong iing ciia
dinh a trong H.

Vay G va H khéng ddng cdu véi nhau.

(2) Ta co bdc cua cdc dinh

Do thi Gq Do thi Hy

Dinh | X1 X2 X3 X4 X5 Xe | Pinh | Y1 Y2 Y3 Ya Ys Y6

Bdc 2 3 3 2 2 2 Bdc 2 3 2 2 3 2

G1 va Hi cung co 2 dinh bdc 3 va 4 dinh bdc 2. Ta xdy dung song dnh :

S0 X5 X35 %45 X553 X6} = V15 Y25 V35 Vas V55 Ve )

C6 f(x,) € {y,; Vs}. Ma Ke(x,) = {x4; X4; Xg} la ba dinh bdc 2 nén f(x,) phdi ké véi ba dinh bdc
2. Chon f(x;) =y, thi f(x3) = ys.

C6 Ke(x,) = {x2; x3} nén Ke(f(x)) = {f (x2); f (x3)} = {y2; ys}. Vay f(x1) = ye.
Tuong ti suy ra f(x,) = va; f(xs) = y1; f(xg) = y3.

Vay co song anh f bao toan quan hé lién ké gitra cac dinh nhu sau:
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frox o e Ke(f(x1)) = f({x2; x3}) = {y2; 5}
Xy P Yy Ke(f(x3)) = f({xy; x45%6}) = {Ve; Yas ¥3}
x32¥s  Ke(f(x3)) = f({xq; x45%53) = (Vs Vas v1}
X4 7> Ya Ke(f(x4)) = f({x2;x3}) = {y2: ys}
Xs =N Ke(f(xs)) = f({x3;x6}) = {¥s;¥3}
X6 V3 Ke(f(x¢)) = f({x2; x5} = {y2s y1}

Suy ra : Gy va Hy ddng cdu véi nhau (biéu dién cing mot do thi). m

2.3. TINH LIEN THONG TRONG PO THIL
2.3.1.Dwong di va chu trinh

Dinh nghia: Cho d6 thi G = (X, U).

i.  Puong di o tir dinh xo dén dinh x, trong do thi G 1a mot day cac dinh <xo; Xi; ...; %> thoa
méan mdi dinh trong day (trir dinh cudi cung) déu ndi véi dinh ngay sau né bang mét canh
nao do, tirc 1a (Xo,X1), (X1,X2), ..., (Xc1,X) € U. Binh Xo goi 13 dink dau, X 1a dinh cusi cua
duong di. Pé dai cia dudng di o 1a sé canh (cung) cé trén duong di do.

ii.  Chu trinh 1a mot duong di c6 dinh dau va dinh cudi trang nhau.

iii. Duong di (chu trinh) goi 1a dwong di (chu trinh) don néu né khong di qua canh (cung) nao
qua mot lan.

iv.  Puong di (chu trinh) goi 1a dwong di (chu trinh) so cap néu nd khong di qua dinh ndo qua
mot lan.

Khi G 1a mot da do thi, cin phan biét cac canh boi, ta s& ki hiéu dudng di bang diy cac canh <ui, Uy,
..., x> thay cho day cac dinh <Xo; X3; ...; x>, vico thé c6 nhiéu duong di qua day cac dinh nay.

Vi du 1: Xét cic do thi dudi day.

H

Hinh 2.15. D6 thi vé hwéng G va dé thi c¢é6 hwéng H.
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Trong do thi vé huéng G, dwong di <ui; Uz} Us; Us> la duong di don tir dinh b dén dinh ¢ nhung
khéng phai dwong di so cap (di qua dinh a hai lan); chu trinh <ui; Us; Us; U, Us; Us; Us> - xudt phdt
tir dinh a, khéng phai la chu trinh don (di qua canh ug hai lan).

Trong do6 thi c6 huéng H, ddy cdac dinh <x; z; t; y; x> la mét chu trinh don ¢é do dai 4; day cdc
dinh <x; y; z; t> khéng phai la mét dwong di (vi khéng cé cung néi tir x dén ).

M@t s tinh chit vé dwong di trén do thi.
Dinh Iy 1: Cho A 1a ma tran ké ctia d6 thi G. Ki hiéu ag.‘) 1a phan tr ¢ hang i, cot j ctia ma tran tich

Ak = AX A ...x A. Khi 6, s6 dudng di khac nhau tir dinh i dén j ciing c6 do dai k bang aj}.

Chirng minh: Gia sir dd thi c6 n dinh da duoc danh sb tir 1 dén n. Ching minh Pinh Iy I bang quy
nap theo d6 dai k cua duong di. That vay:

k =1 . Theo dinh nghia ctia ma tran ké suy ra dinh 1y dting voi k = 1.

Gia st dinh ly diing véi k = ko. Dat A = [a;;]; A% = [b;]; € = AR+t = [c;;]; Theo gia thiét quy
nap, s6 duong di khac nhau tir dinh i dén dinh q c6 do dai bang ko 1a big (1 < q < n).

Vay s6 duong di khac nhau tir dinh i dén dinh j c6 d6 dai bang ko+1 c6 di qua dinh q 14 big.a4, va do
d6 sb duong di khéc nhau tir dinh i dén dinh j c6 do dai bang ko1 1a X2_, bza,; = ¢;;. Dinh Iy
ding véik = ko+1. m

Vi du 2: Tim s6 dwong di ¢ dai 3 tir dinh a dén dinh b ciia do thi Hy trong do thi sau:

Gidi.
Ma tran ké ciia Hy 1a

a b ¢ d e

a [1 0 2 O O]

g_b [0 0 0 1 1

clo 10 0 ol

d lo o1 0 o

e l1 10 2 ol

Hinh 2.16. P6 thi ¢é6 hwéng H,

Pt C = B x B; B3 = C x B. Phan tir 6 hang a, cét b ciia ma trgn B® la C*™ x B®P

(ki hiéu C*™ la hang a cia ma tran C ; B"? la cét b ciia ma trdn B).
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[102001[10200]
0 0 0o 1 1] |0 0 0 1 1|
CoC=|o1000|><|01000|
00100 loo100
11020 11020

Suy ra: Ce" = [Bal X BEa pam s Blb Bam % puc B x Bld Bam x Ble]

=[1 2 2 0 0]
[0]
( . |0]
Vay so dwong di ¢6 d¢ dai 3 tir dinh a déen dinh b trong Hyla:[1 2 2 0 0] | 1| =2.
0
1)

Dinh Iy 2 : Gia str d6 thi G c6 n dinh. Khi d0, ton tai dudng di tir dinh a dén dinh b trén d6 thi G khi
va chi khi ton tai mot dudng di tir dinh a dén dinh b trén d0 thi nay véi d6 dai khong vugt qua n-1.

Chirng minh. Gia str ton tai duong di « tir dinh a dén dinh b, khong lam mat tinh tong quat tir
duong di nay ta luén chon dugc mot duong di so cép tir a dén b c6 do dai k véi cac dinh 1a <a = Xo;
X1, ... ; Xk = b>, trong d6 X va x; d61i mot khac nhau. That vay, néu trén duong di cd hai dinh trung
nhau x; = x; thi ta thu gon thanh duong dila <a =Xo; X1, ... ; Xi ; Xj#1, ... ; Xk = b>.

Mat khac, G chi ¢6 n dinh khac nhau nén k < n — 1. Ttrc la ta luén chon dugc mét duong di so cép
tir a dén b voi do dai khong vuot quan —1. m

Hé qud : Cho d6 thi G c6 n dinh xac dinh bai ma tran ké A, va a, b 1a hai dinh cua G. Pat T = A +
A% + A3 + -+ A" 1. Khi d6, trén d6 thi G ton tai it nhat mot dudng di tir dinh a dén dinh b khi va
chi khi T[a,b]= 1 (véi T[a,b] 1a phan tir & hang a, cot b ctia ma tran tong cac lity thira T).

2.3.2. Do thi con va dé thj b phan
Dinh nghia: Cho d6 thi G = (X, U).

(1) 6 thi con cua do thi G 1a phan con lai ciia G sau khi bo bot di mot s6 dinh cung vai mot s6
canh (cung) ké véi cac dinh do.

(2) P6 thi bg phan ciia d6 thi G 1a phan con lai cua G sau khi bo bét di mot canh (cung) nhung
gitr nguyén sd dinh.

X;cX

Tomlai: Gy = (Xy, Up) la mot @6 thi con cia G = (X, U) & {Ul —UNX XX
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X1=X

G2 = (X2, Uy) 13 mot db thi bd phén ciia G = (X, U) & {Ul -

Vi du: Cho do thi G nhw sau:

a b C a b a b c
d e f d G1 f € f
G G2

Hinh 2.17. Db thi con G; va do thi bd phan G, ciia G.
Xéa di dinh e va cdc canh ké véi e ta dwoc do thi con Gy cia G.
Giit nguyén 6 dinh, xoa di mot $6 canh dé khong con chu trinh ta dwoc do thi bé phan G cua G.
2.3.3. Po thi lién théng. Pinh cit, canh cat.
Do thi lién thong.

Dinh nghia 1: D) thi vo huéng G goi 1a do thi vé hudng lién théng néu ludn tim duoc dudng di
giita hai dinh bét ki ctia n6. Néu G khong lién thong thi mot d6 thi con lién théng ciia G goi 1a mot
thanh phan lién thong cua G.

DA thdy, d6 thi v huéng G lién thong khi va chi khi G c6 mot thanh phan lién thong duy nhat.

Vidu : D6 thi G va G la cdc do thi vé huéng lién thong. D6 thi Gy la mét do thi khong lién théng,
G1 ¢6 hai thanh phan lién théng.

Dinh nghia 2:
(1) D6 thi c6 huéng G goi 1a do thi ¢6 huong lién théng manh néu ludn tim duoc dudng di gitra
hai dinh bAt ki cta né.
(2) Do thi c6 hudng G goi 1a do thi c6 hudng lién théng yéu néu @6 thi vo hudng tuong ung véi

no (1a d6 thi da thay cung bang canh) 1a lién thong.

Vidu :
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b G ¢ y H z

Hinh 2.18a. P thi ¢6 huéng lién thong manh G va dé thi c6 hwéng lién thong yéu H.

Ta c6 chu trinh <a; b; ¢; a> di qua tdt cd cdc dinh cia G nén luén tim dwoc dwong di gitta hai dinh
bdt ki cia G. Viy G la do thi c6 huéng lién théng manbh.

H khéng phdi la dé thi lién théng manh vi khéng c6 dwong di tiv dinh x dén dinh z. H la mét do thi
c6 hwéng lién thong yéu.

Dinh cit, canh cit (ciu).

Dinh nghia: Mot dinh cta G goi 1a dinh cat (hay diém khép) néu khi ta x6a di dinh d6 va cac canh
lién thudc vai nod thi nhan duge mdt dd thi con b sb thanh phﬁn lién thong nhiéu hon so véi dd thi G
ban ddu. Mot canh ctia G goi 14 canh cdt (cau) néu khi loai canh d6 ra khoi G thi nhan dugc mot dd
thi bd phan co sd thanh phan lién théng nhiéu hon so véi G.

Vi du:
a b a b a b
d e f d Gi f d e f

G G2 |
Hinh 2.18bc. Po thi vo hwéng G cb dinh cat (diém khop) va canh cit (ciu).

D6 thi G 1a dd thi vo hudng lién thong, xda bo dinh e va bdn canh ké vai né ta duwoc dd thi con Gy ¢6
hai thanh phan lién théng nén e la mét diém khop cia G.

X6a bo canh (e; f) ta dugce dd thi bo phan G, c6 hai thanh phan lién thong, nén (e; f) la mét cau cia
G. Xét twong tu, canh (f; ¢) ciing 1a mot cau cua G.

Vay G c6 mot diém khop e va hai cau (e; f) va (f; ¢).

Chii y:
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(1) Mot dd thi vo hudng lién thong c6 n dinh thi co it nhat n — 1 canh.

(2) Ddu higu nhdn biét dé thi lién théng: D) thi vo huéng G 1a lién thong (hodc do thi co
huéng G 1a lién thong manh) khi va chi khi ma tran tong cac liy thira T = A + A% + A3 +
.-+ A1 ¢6 moi phan tir déu khac khong (¢ ddy, n 1a sé dinh va A 1 ma tran ké cua G).

(3) Khi x6a di dinh cat hoac cau ra khoi mot do thi lién thong thi @b thi nhan duoc 1a khong lién
thong (tinh lién thong mat di).

(4) Dinh ké v&i mot cau 1a dinh cat khi va chi khi no khong phai 1a mot dinh treo.

(5) Mot canh trong don d6 thi 1a cau khi va chi khi canh nay khong c6 mat trong bat ki chu trinh
don nao cua do thi.

2.4.CAC SO PAC TRUNG CUA PO THL
2.4.1.Tap on dinh trong. Sé 6n dinh trong

Dinh nghia: Cho d6 thi G = (X, U).

(1) Tap dinh A goi 1a mot tdp én dinh trong (OPT) cua G néu hai dinh tiy y ctia né khong ké
nhau. Hay noi cach khac, Vx,Vy € Athiy € Ke(x).

(2) Tap dinh A" goi 14 tdp ODT cuc dai cia G néu A” 1a mot tap OPT va thém bét ki dinh nao
cling lam mét tinh 6n dinh trong cua n6. Hay noi cach khac, Vxg A* thi A"U{x} khong la tap
OPT.

(3) Tap dinh Aq goi 1a tdp OPT Ién nhat cua G néu Ag 1a mot tap OPT cuc dai ¢6 sé dinh nhiéu
nhét. Ta goi s6 phan tir cua tap OPT I6n nhit 1a s6 OPT cua G, ki hiéu 13 a(G).

Chii y:

(1) Khai niém OPT khong phu thudc vao hudng cac cung cta do thi, tire hai dinh duogc coi 1a ké
nhau néu cé it nhat mot cung ndi chung.

(2) Néu tap dinh A 1a mot tap OBT thi tap con A’ c A ciing 1a mot tap OPT.

(3) Ki hiéu: T 1 tap hop tat ca cac tap OPT cua G, N(A) 1a sb phan tir cua tap hop A thi a(G) =
max,er{N(A)}. Hay ndi cach khac, khong c6 tap OPT nao ¢ sé dinh nhiéu hon o(G).

Thudt todn tim s6 OPT a(G) (hay tim tdp on dinh trong I6n nhiy):

(1) : Chon mot dinh nao d6 cua G.

(2) : B6 sung dan cac dinh dé dugc mot tap OPT cuyc dai cia G.

(3) : Ta tim mot tap OPT Ay c6 k dinh ma moi tap chira k+1 dinh bt ki déu khong phai 1a tap
OPT. Khi d6 A 1a tap OPT cuyc dai c6 sb phan tir I6n nhit. Va a(G) = N(Ao) = k.

Vidul: Timsé OPT cua cdc do thi sau:
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X3

Hinh 2.19. P6 thi vé huéng G.

X6

G

X7

Hinh 2.20. D6 thi ¢6 hwéng H.

Gidi. Ap dung thudt todn tim sé OPT ta c6 bang két qud déi véi dé thi vé hiedng G-

Dinh (Bac) | xi1(4) X2(4) X3(2) X4(4) X5(2) Xs(4) X7(4) N(A)
Tip OPT
Aq 0 0 X X X 0 0 3
A, X 0 0 0 X 0 0 2

Vay A1 = {X3; X4; Xs} la tap ODT I6n nhdt va

nhiéu hon 3 dinh).

Bang két qua déi véi do thi ¢é hudng H:

a(G) = N(A) = 3

(khéng c6 tip OPT ndo cé

Dinh X1 X2 X3 X4 X5 X6 X7 Xg X9 N(A)
Tap O
Aq X 0 X 0 X 0 0 0 X 4
A, 0 X 0 0 0 0 0 3
Vay A1 = {X1, X3, Xs, Xo} ld tdp OPT Iom nhat nén | a(H) = N(A;)) = 4 (khéng c6 tiap OPT ndo c6

nhiéu hon 4 dinh).

Vi du 2: (Bai todn vé dung lwong théng tin). Gida Sir Mt mdy phat c6 thé truyén di 6 tin hiéu: a, b, c,
d e f O may thu maéi tin hiéu cé thé cho cdc cach hiéu khéc nhau nhw sau: a — p,q;b—
q,7,s;¢c—s,t;d->tuw,e->r,v,w; f - p,uv. Hoi s6 cdc tin hiéu nhiéu nhdt cé thé sir dung

dé may thu khéng bi nham lan la bao nhiéu?

Gidi. Ta xdy dung do thi mé hinh cho bai todn trén nhw sau:
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Mbéi dinh biéu dién cho mét tin hiéu; hai dinh la ké nhau néu hai tin hiéu dé cé thé bi nham lan &
may thu (Chang han, mdy thu bi nham lan tin hiéu a va b béi ching c¢é cing cdch hiéu la q).

Khi dé, tdp cdc tin hiéu ma mady thu khéng bi nham
lan chinh la mét tdp OPT ciia do thi mé hinh cho badi
toan nay.

Tdp OPT I6n nhat ciia do thi trén la A = {a; ¢; e).
Vay s6 tin hiéu nhiéu nhdt cé t hé sir dung dé may thu
khéng nham lan la 3, cdc tin hiéu sit dung 1d: a, ¢, e.

Hinh 2.21. D6 thi biéu dién sy nham 14n ciia
cac tin hi¢u

Vi du 3: Trong mét don vi ndo dé,gia sir c6 quan hé “xich mich” gitta ngueoi véi ngueoi. Thé thi, tdp
OPT cuc dai ¢ day dwoc hiéu theo dung nghia xa hoi cua no. Po la mot nhom nhiéu nguoi nhat, déi
mét khéng xich mich véi nhau. Bé giir doan két trong don vi thi can phdi xdy dwng nhém ndy cdng
I6m cang tot.

2.4.2.Tap 6n dinh ngoai. S6 6n dinh ngoai
Dinh nghia: Cho d6 thi G = (X, U).

(1) Tap dinh B goi 1a tdp on dinh ngodi (OPN) cua G néu tir mdi dinh ndm ngoai B déu co it
nhat mot canh (cung) di vao B.
Hay noi cach khac: Vy ¢ B thi 3x € B dé x € Ke(y) tuc (y,x) € U.

(2) Tap dinh B” goi 1a tdp OPN curc tiéu cia G néu B™ 1a mot tap ODN va bot di bét ki dinh nao
ctia n6 ciing lam mét di tinh OPN.
Hay n6i cach khac, voi mai x €B” thi B \{x} khong 1a tap OPN.

(3) Tap Bo goi 1a tdp OPN bé nhat néu By 1a tap OPN cuc tiéu co sd dinh it nhat. Ta goi s6 phan
tir ctia tap OPN bé nhat 1a s6 OPN cua G, ki hiéu 13 S(G).

Chii y -

(1) Néu B 1a mot tap OPN thi tap B’ D B ciing la mot tap OPN .
(2) Goi M 1a tap tit ca cac tap OPN cua G, N(B) 1a s6 phan tir cia tap hop B thi ta co: f(G) =
mingey {N (B)}. Hay néi cach khac, khong co tap OPN nao c6 s6 dinh it hon 5(G).

Thudt todn tim s6 OPN B(G) (hay tim tip OPN bé nhit):

(1) : V&i mdi x; € X, ta xac dinh tap dinh A(x;) nhu sau:
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A(xi) = {xiJu{yeX | xi € Ke(y) hay (y, xi) eU}.

(2) : Tim tap con By chwra s it nhat cac dinh X; sa0 cho Uy,ep, A(x;) = X. Khi d6 By Ia tip OPN
bé nhét cua G. Va f(G) = N(By).

Vi du 1 : Tim s6 OPN ciia céc do thi G va H trén Hinh 2.19 va Hinh 2.20

Gidi. Bang két qud xdc dinh cdc tap dinh A(X) ciia G-

Dinh X1 X2 X3 Xa X5 X6 X7 N(A(X))
Tap A(X
A(X1) X X X X X 5
A(X2) X X X X X 5
A(X3) X X X 3
A(X4) X X X X X 5
A(Xs) X X X 3
A(Xs) X X X X X 5
A(x7) X X X X X 5

Ta c6 can it nhat 2 tdp: A(X1) U A(Xo) = X nén By = {X1; X2} la mét tdp OPN bé nhit cia G.

.| B(G) =N(Bo) =2 4 S
Vay . (Khong c6 tap OPN nao co so dinh it hon 2).

Bang két qua xdc dinh cdc tdp dinh A(X) clia H:

Dinh X1 X2 X3 Xa X5 X6 X7 Xs X9 N(A(X}))
Tap A(xi
A(x1) X X X X 4
A(X2) X X 2
A(X3) X X X X 4
A(Xq) X X X 3
A(Xs) X X X 3
A(Xe) X X 2
A(x7) X 1
A(Xg) X X X 3
A(Xo) X X X X 4

Ta cé can it nhdt 4 tdp: A(X1) U A(Xs) U A(Xg) U A(Xs) = X nén By = {X1; X3; Xo, Xa} ld tdp OPN bé
nhat. Vay: BH) =4 | - (Khéng cé tdp OPN ndo c6 it hon 4 phan ti).
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Vi du 2: Gid sir can xay dung mot hé théng tram bdo vé cho tat ca cac doi tuong trong mot khu vic
nao dé (nha may, truong hoc, can cir quén sw, ...). Thé thi, hé thong tram toi thiéu lam tron dwoc
trach nhiém chinh la mét tgp OPN bé nhat ciia dé thi biéu dién khu vuec nay.

2.4.3. Nhan ciia d6 thi

Dinh nghia: Cho d6 thi G = (X, U). Tap dinh C goi 1a mot nhan ctia G néu C vira 1a mot tap OPT,
Vx €C,Vy € Cthiy & Ke(x)

AY \ A A A 7. /4 /4 by A 9 @
vira 12 mot tap OPN. Hay no6i cach khac, C 1a nhan cia G {Vy g C thi3x € C|x € Ke(y) "

Vidul: D6 thi G cé hai nhéan la Cy = {a; d} va Ca = {b; ¢}. P6 thi H khéng c6 nhan (Vi H ¢6 3 tdp
OPT déu c¢6 mét dinh nhung ca 3 tdp ndy déu khéng phdi la tip OPN).

a b x

c g 4 y H z
Hinh 2.22. Db thi c6 nhan G va dd thi khong c6 nhan H.
Cic tinh chit ciia nhén:

(1) Nhan cua d6 thi khong chtra dinh nut (dinh ké& voi mot khuyén). Néu dinh x khong c¢6 canh
(cung) dira, tirc Ke(x) = @, thi nhan C ciia G (néu c6) phai chira dinh nay.

(2) Trong d6 thi vo6 hudng, khong co khuyén, moi tdp OPT ciee dai déu la nhdn cia do thi.

(3) Néu C la nhdn cia G thi C la mét tdp OPT cuc dai. Suy ra, N(C) < a(G).

(4) Néu Cy 1a nhdn bé nhdt (c6 s6 dinh it nhat) cua G thi Cy la tdp OPN cuc tiéu cua G. Suy ra
N(Co)= B(G).

(5) Néu mot dd thi co s6 OPT a(G) bé hon s OPN B(G) thi dd thi Ay khéng cé nhan.

(6) Moi 6 thi khéng c6 chu trinh @ dai 1é luén c6 nhan. Hé qua: do thi khéng c6 chu trinh thi

cing luon co nhan.
Thudt todn tim nhin bé nhit (hay tit cd cic nhan ciia do thi G):

(1) : Tim tat ca cac tap OPN bé nhat cua G.

(2) : Chon mot tap OPN bé nhit ¢ trén, Kiém tra xem n6 c6 phai 1a tap OPT khong. Néu ding
thi nhan dugc nhan bé nhét can tim (c6 it dinh nhat).

(3) : Tang dan sb phan tir caa tap OPN, 1ap lai bude 2 dé tim tat ca cac nhan cia G.

Vi du 2: Tim tdt cd cdc nhédn (néu cd) ciia cdc do thi G va Htrong Hinh 2.19 va Hinh 2.20.
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Giai.
Tur bang xac dinh cac tap A(X;) suy ra:

Cdc tdp OPN cuec tiéu ciia G la By = {1; 2}, B, ={1; 5}, Bs = {1; 7}, B4= {2, 3}; Bs = {2; 6}, B =
{3; 4; 5}, B, = {3; 7}, B = {5; 6}, By = {6; 7}. Vdy G ¢4 tat ca 7 nhdin la: By, B3, B4, Bs, Bs, B7, Ba.

Cac tap ODN cuec tiéu ciia H ld By = {1; 3;9; 4}, B, ={1; 3; 9; 5}, B3 ={1; 3; 9; 8}. Vdy H c6 mot
nhdn duy nhat, dé la B, = {1; 3; 9; 5}.

2.4.4. Sic s6 cha do thi - Sic sé caa @é thi phang - Ung dung.

Bai todn t6 mau dé thi: Hay t6 mau cac dinh cua do thi da cho, sao cho hai dinh ké nhau phai duoc
t6 bang hai mau khac nhau.

Dinh nghia: Cho G = (X, U). Sic s6 ctia db thi G, ki hiéu 1a 1(G), 1a s6 mau t6i thiéu can dung dé t6
mau cho cac dinh ctia G sao cho hai dinh ké nhau ¢6 mau khéac nhau.

Nhan xét.

(1) Hai dinh t6 cuing mau khong k& nhau. Hay néi cach khac, goi Ay 1a tap gom tat ca cac dinh
duoc t6 mau k, thé thi A, 13 mot tap on dinh trong cua G.

(2) Mdi cach té mau cac dinh cia G ung véi mot cach phan hoach tap dinh X thanh cac tap ODT
Ay khong giao nhau, mdi tap tng vi mot mau.

Vidul: b d
c
76 mau 1 cho cdc dinh a; c; e. Mau 2 cho <><>
cdc dinh b, d; g; f e ¢
gf g . N

Viay A(G) = 2. (Khéng thé ding it hon hai
mau dé t6 cho cac dinh cia G). Hinh 2.23. D) thj khong ¢6 chu trinh 18 G.

Mot so tinh chdt cua sdc so.

(1) : 6 thi day du K, ¢6 sic s6 A(Ky) = n. Hé qua: Néu G co mot do thi con 1a K, thi A(G)=n.

(2) : DS thi vo huéng G c6 sic s6 A(G)= 2 khi va chi khi G khéng cé chu trinh ¢é dé dai le.
Hé qud: Néu G chira mot chu trinh d6 dai 3 (hay do dai 16) thi 1(G)= 3.

(3) : Néu bac 16n nhat cua cac dinh trong G 1a r thi (G)< r+1.

(4) : Néu dd thi vo huéng G c6 n dinh va sic $6 4(G) = k thi a(G) = 7 .
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(5) : Néu G 1a @b thi phing thi sic s6 A(G)< 4. (Khai niém dd thi phang va dau hiéu nhan biét 46
thi phang xem trong Chwong 3)

Thudt todn tim sic sé ).(G) ciia dé thi khéng cé khuyén:

(1) : Liét ké cac dinh theo tha ty bac giam dan: deg(x1) = deg(xz) = .... = deg(Xn).

(2) : Tim tap OPT V; chira dinh c6 bac cao nhat x; (cac dinh theo thir ty uu tién bac cao dua vao
treéc). Hay noi cach khac, t6 mau 1 cho dinh c6 bac cao nhét x; cung cac dinh khong ké véi
x1, d6ng thoi khong ké véi cac dinh di t6 mau 1.

(3) : Liap lai B1-B2 d6i véi cac dinh chua dugc chon (t6 mau), ding khi tat ca cac dinh da dugc
chon hét.
Két luan: Sic s6 cua do thi 2(G) = S6 tap OPT V; .

Vi du 2: Té mau cdc dinh cho hai dé thi sau:

X1 X2

Xo X3 a b

X7 g h
X5
X6 G

Hinh 2.24. P6 thi G va dé thi H
Gidi.

a) T6 mau cdc dinh cho do thi G

Pinhx |1 2 [3 |4 |5 [6 [7 [8 9 /®_ S

Deg(x) | 4 3 |6 4 [3 [3 |5 |4 |6 X9<1>/// \@

| |

tw 9 3 |7 1 |4 |8 |2 |5 |6 @f Ox:

dinh O @/
X6 G X5

Mau @ @ @ @ O OREC) @ ©) Hinh 2.24a. Té mau db thi G.
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Vay M(G) = 3 (Khong thé ding it hon 3 mau dé 16 cho cdc dinh ciia G sao cho cdc dinh ké nhau
dwoc to mau khac nhau).

b) 76 mau cdc dinh cho dé thi H.

Dinh x a b c d g h
RO

Deg(x) 4 |4 4 |4 |4 |4 N //@b

O——Od

Thirtwdinh |a |b |c |d |g |h @//\

=©

M o oeldlole )

Hinh 2.24b. Té mau dé thi H.

Vay M(G) = 3 (Khéng thé ding it hon 3 mau dé té cho cdc dinh cia G sao cho cdc dinh ké nhau
dwoc to mau khac nhau).

Ung dung ciia sac so:

Bai todn 1 (Idp lich thi): Lap lich thi n mon hoc (hay can t6 chirc bao nhiéu ca thi) cho cac sinh
vién, sao cho khong c6 hai sinh vién nao c6 hai mon thi vao cting mot thoi diém.

Gidi. Ta xay dung mot dd thi md hinh cho bai toan trén nhu sau; Mdi dinh 14 mdt mon thi, gitra hai
dinh c6 mot canh ndi néu cé it nhit mot sinh vién phai thi ca hai mén twong tng v6i hai dinh do.

Ta t6 mau cho cac dinh cia d6 thi. Cac dinh cing mau dugc phép thi cing mot ca thi.
Vay: S6 ca thi bang sic sb ctua d0 thi da lap.

Vi du 3: Trong mot hoc ki, mot bo mon can té chire 7 mén thi dugc danh sé tir 1 dén 7. C6 it nhat
mot sinh vién phdi thi cac nhém mén thi sau: (1; 2; 3), (1; 2; 4), (2; 5), (2; 7), (3; 6), (4; 5), (4;7),
(5; 6), (5; 7). Hay lap lich thi cho nhém sinh vién nay.

Giai. 1 2

D6 thi mé hinh cho vi du nay la: 7

™
o~

5

Hinh 2.25. D6 thi mé hinh cho bai toan 14p lich thi
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T6 mau cac dinh cua do thi trén:

Dinh x 1 2 3 4 5 6 7

Deg(x) |3 5 3 4 4 2 3

Thier tw
dinh 2 4 5 1 3 7 6

M1 QO O QA O

Hinh 2.26. T6 mau dd thi lap lich thi

Vay : M(G) = 4. Can té chirc it nhat 4 ca thi khdc nhau cho 7 mén nay: Ca I thi mén {2;6}; Ca 2 thi
mon {3;4}; Ca 3 thi mon {1;5}; Ca 4 thi mon {7}.

Bai todan 2 (t6 mau bdan do): Can dung to1 thiéu bao nhi€u mau dé t6 mau mdt ban do sao cho hai
mién cé chung duong bién phai dugc to6 bang hai mau khac nhau.

Gidi. Ta xay dung d6 thi mé hinh cho bai toan trén nhu sau: Moi mién trén ban do dat twong trng véi
mdt dinh, gitra hai dinh c6 mdt canh n6i néu hai mién tuong trng c6 chung duong bién.

Ta t6 mau cho cac dinh caa dd thi. Hai dinh dugc t6 cing mot mau thi hai mién twong tng khong c6
chung dudng bién. Vay s mau it nhit cAn dung bang sic sb ctua do thi da lap.

Bai todn 3 (phdn chia kénh truyén hinh): Gia sir mdi dai phat truyén hinh duoc phat nhiéu kénh
truyén hinh khac nhau, mdi kénh truyén hinh pha soéng trong pham vi ban kinh 100km. Khu vuc
ddng bang Bic B co tit ca 25 dai phat truyén hinh. Hoi phai can tdi thiéu bao nhiéu kénh phat séng
va phan chia cho cic dai nhu thé nao dé khong co hai dai phat nao bi trung kénh trong vung phi
song cua no.

Giai. Ta xay dung d0 thi mé hinh cho bai toan: Mdi dinh twong g v&i mot dai phat. Hai dai phat
c¢6 khoang cach tir 200km tré xudéng dugce ndi v6i nhau bang mot canh. Hai dinh khong ké nhau
duoc phép phat cung mot kénh.

Dé phan chia cac kénh truyén hinh cho cac dai phat ta t6 mau cho cac dinh ciia d6 thi. Khi d6, cac
dinh cting mau dugc phép phat cing mot kénh. S6 kénh t6i thiéu can ding bang sic s6 cua do thi do.

51



BAI TAP CHUONG 2.

2.1". Cho tap hop X c6 n phin tir. Xay dung db thi vé hudng ma mdi dinh cta né 1a mot tap con thuc
su cua tap X. Hai dinh duoc ndi véi nhau bang mot canh khi va chi khi cac tap con twong tng voi

ching giao nhau. Héi do thi trén c6 bao nhiéu dinh, bao nhiéu canh.

2.2. Cho cac d6 thi:

G

a) D4 thi nao 1a don do thi, da do thi, gia d6 thi vo hudng (co hudng)?
b) Hay x4c dinh danh sach ké cua G;.

¢) Hay xac dinh ma tran ké va ma tran lién thudc cua Gy; Ga.

d) Co bao nhiéu duong di c6 do dai 2 tir dinh a dén dinh ¢ trong G,?
e) Co bao nhiéu duong di c6 do dai 3 tir dinh x dén dinh w trong G3?

2.3. Céc cdp don db thi sau c¢6 ding cAu voi nhau khong? Tai sao?

a) c)
X1 a b u v
A N/
X V2 oV
X Yy
.e f z t
X X5 V4 ys G; H;
Gy G2
d)
) » ,
m w Vi
p
\ ; @Vg A
)
y Gy Z q Hy r
u u T T,
3 G2 4 V4 H2 Vs

2.4. Hiy xét xem cac dd thi cho boi ma tran ké sau c6 lién thong manh khong? Tai sao?
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0 0 1 1
00 11 |1 0 0 o0
g a=|L 0 10 ) A=10 1 0 1
0 0 0 1 01 0 0
0100 ’ ‘
2.5. Tim céc dinh cat va canh cat cuia mdi d6 thi sau:
b)
a)
K £
a
b C d e

2.6. Tim s6 OPT, s6 OPN, tat ca cac nhan va sac s cua cac do thi vo hudng sau:

a) b)
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2.8. Tim s0 mau toi thiéu can dung dé t6 hai ban d6 sau sao cho cac vung c6 chung duong bién dugc

td bdi cac mau khac nhau.

AN

2.9. Cho 9 dai truyén hinh (danh s6 tir 1 d&én 9). Khoang cach giita cac dai (don vi km) duoc cho boi

b)

bang sau:
1 2 3 4 5 6 7 8 9

1 150 210 290 268 287 145 157 164
2 150 136 231 301 293 224 209 172
3 210 136 147 456 177 158 139 192
4 290 231 147 137 218 109 263 118
5 268 301 456 137 140 307 291 182
6 287 293 177 218 140 182 214 237
7 145 224 158 109 307 182 159 375
8 157 209 139 263 291 214 159 167
9 164 172 192 118 182 237 375 167

Mbdi dai phi song trong pham vi 100km. Dé khong c6 hai dai phat nao bi tring kénh trong ving phit
song thi can tdi thiéu bao nhiéu kénh khac nhau dé phat song? Hay lap ké hoach cu thé dé phan chia

cac kénh do cho 9 dai phat?
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Chuong 3.

PO THI EULER. PO THI HAMILTON. PO THI PHAN DPOIL PO THI PHANG.
Muc tiéu: Ngudi hoc xac dinh va nhan dién dugc db thi Euler, nira Euler. Ung dung duoc d6 thi
Euler vao dé giai bai toan ngudi dua thu Trung Hoa. Nguoi hoc xac dinh va nhan dién duoc db thi
Hamilton, nira Hamilton. Ung dung dugc d6 thi Hamilton vao dé giai bai toan sap xép chd ngoi.
Nguoi hoc xac dinh va nhan dién duoc d6 thi phing, cling nhu d6 thi khong phang. Dac biét, biét sir
dung thuat toan nhan biét d4 thi phan doi dé nhan dién d6 thi phan doi.

3.1 PO THI EULLER. PO THI NUA EULER.
Khai niém db thi Euler, d6 thi nira Euler trong Ly thuyét do thi dugc ra doi tir bai toan ndi tiéng sau:
Bai todn 7 cdy ciu ¢ Konigsberg:

Thanh phd Konigsberg (bay gid goi 1a Kaliningrad thuc Cong hoa Nga) cé con song Pregel chay
qua, gitra song c6 cu lao Kneiphof tao nén 4 ving dat. Vao giira thé ki th 18 ngudi ta da xdy 7
chiéc cau ndi cac viing ndy v6i nhau.

'\ 2
Knelphof / N

/

Z’:gel\

D

Hinh 3.1. Bay cy cau trén song Pregel. Hinh 3.2. Pa db thi biéu dién thanh phd
Konigsberg.

Cu déan thanh phd thudng di dao trén cau va tu hoi : CO THE BPI QUA 7 CAY CAU, MOI CAY
CAU MOT LAN ROI QUAY VE PUNG VI TRi XUAT PHAT KHONG? Ho hao huc di thir
nhung khong thanh cong.

Cudi cung, nha toan hoc Thuy sy, Leonhard Euler d chirg minh dugc rang khong co cach di nao
thoa man yéu cau bai toan nay. Loi giai ciia 6ng cong b nam 1736, Euler di nghién ciru bai toan
niy, mo hinh né bang mot da do thi, bon viing dat dugc bicu dién bang 4 dinh, cic cdy cau la cac
canh nhu trén Hinh 3.2.
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Bai toan phat biéu lai 1 : C6 ton tai hay khong mot chu trinh don trong d0 thi ndy c6 chira tat ca cac
canh?

3.1.1. Pinh nghia. Cho d6 thi G = (X, U).

Chu trinh Euler cta d6 thi G 1a chu trinh don di qua tat ca cic canh (cung) ctia G, mdi canh (cung)
dung mot 1an. Puong di Euler cia d6 thi G 1a dudng don di qua tit ca cac canh (cung) ctia G, mdi
canh (cung) ding mot lan. BJ thi ¢6 chu trinh Euler goi 1a dé thi Euler. DS thi khong ¢6 chu trinh
Euler nhung c6 duong di Euler dwoc goi 13 d6 thi nira Euler-.

Hién nhién, d6 thi G khong phai 1a do thi nira Euler thi chic chin ciing khong phai 1a d6 thi Euler.

a b X y a b
X [ [ » %

d
Gy e z G u v d Gs e

Hinh 3.3. Do thj vé6 hwéng Euler va db thi vé hwéng nira Euler.

Vi du l:

D6 thi vo huong Gi co chu trinh Euler la <a; b; ¢; d; e; ¢; a>. Do thi Gy khong co chu trinh Euler
nhung co dwong di Euler la <x; y; v; u, z; X, u; y>. Do thi Gz khong co chu trinh Euler va khong co
ca duong di Euler.

Vay Gy la do thi Euler, G, la d6 thi nira Euler, Gs khéong phdi do thi Euler ciing khong phai do thi
nwra Euler.

a b X v s t
Vidu2:
¢ d e f
z
k H, m t H P Hs q

Hinh 3.4. Do thi c6 hwéng Euler H; va db thi ¢é6 hwéng nira Euler H,.

D6 thi ¢6 hieong Hy ¢ chu trinh Euler la <a; d; k; ¢; d; e; f- m; e; b; a>. D6 thi Hy khdng ¢ chu
trinh Euler nhung c6 dwong di Euler la <t; x; y; z; t; y>. Do thi Hs khong c6 chu trinh Euler va
khong co ca dwong di Euler.
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Vay Hy la do thi Euler, Hy la do thi mira Euler, Hs khong phdi do thi Euler va ciing khong phdi do thi
nua Euler.

3.1.2. Nhan biét @6 thi Euler, nira Euler. Thuat todn tim chu trinh Euler, dwong di Euler.

Dinh Iy Euler: Bo thi vo hudng lién thong G 1a db thi Euler khi va chi khi moi dinh ciia G déu cé
bdc chan. D6 thi c6 hudng lién thong manh G 13 d6 thi Euler khi va chi khi moi dinh ciia né ¢6 ban
bdc vao bang bdn bdc ra (hay moi dinh cdn bang).

H¢ qua : D6 thi vo hudng lién thong G 1a d6 thi nira Euler khi va chi khi G ¢6 diing hai dinh béc Ié.
D6 thi c6 hudng lién thong manh G 1a do thi nira Euler khi va chi khi G ¢6 diing 2 dinh x, y thoa
man: deg*(x) = deg “(x) + I va deg ~ (y) = deg*(y) + 1, dong thoi cdc dinh con lai ciia né thi cin
bang (tirc la ¢ bdn bdc vao bang ban bdc ra).

Thudt todan tim chu trinh Euler:

(1) : Kiém tra tinh lién thong, xac dinh bac ciia cac dinh dé khiang dinh G c¢6 chu trinh (hay
duong di) Euler.

(2) : Tir mot dinh bt ki cua G, di theo cac canh (cung) dé tim mot chu trinh don, ddng thoi danh
dau dé xda bo canh (cung) da di qua, khong di qua cau (canh cit), trir khi khéng con cach
nao khac.

(3) : Thuat toan dirng néu chu trinh don tim duoc da di qua tat ca cac canh (cung). Trai lai, di
tiép 1ap lai (2) cho dén khi tat ca cac canh (cung) di di qua.

Thudt todn tim dwong di Euler: Tuong tu nhu tim chu trinh Euler, nhung dudng di Euler trong d6
thi v6 huéng bao gid ciing xut phat tir dinh bac 1é nay va két thuc & dinh bac 1¢ kia ; con trong dd
thi c6 hudng thi duong di Euler bao gid ciing di tir dinh c6 sb cung di ra nhiéu hon va két thuc &
dinh ¢6 sé cung di vao it hon.

Vi du 1: PO thi sau cé phdi dé thi Euler (niva Euler) khong? Tim chu trinh (dwong di) Euler néu c6?

X vy z t
a b c
u v W T
m n
d e f .
L]
G m n H p q

Hinh 3.5. P thi G va d6 thi H.
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Gidi.

a) Bdc cua cdc dinh cua G:

Dbinh | a b c d e f m n

Bic |2 |4 |4 |2 |4 |4 [4 |2 13)
G la dé thi vé huéng lién théng va moi dinh déu c6 bdc 12
chan nén G la do thi Euler. d
S6 canh ciia G lam = %erx deg(x) = 22_6 = 13 (canh) Hinh 3.5a. Chu trinh Euler ciia G.

(Luu y © Sau khi chon canh (1) thi canh
Mot chu trinh Euler cua G dwoc tim nhw Hinh 3.5a. Chu (12) va (13) la cau.)
trinh do la > <a; b;c;n;f;c;m;f;e;m;b;e;d;a>.

b) Bdc cua cdc dinh cua H:

Dinh X Y z t u Vv w r m n p

Bdc 3 2 2 2 4 5 4 4 2 4 4

H la do thi vé huéng lién thong va c6 ding hai dinh bdc 1é nén H la dé thi nira Euler.

r X @M Y z ©) t
S6 canh ciia H lam = > Yyex deg(x) = 2 = 19 (canh) r— ¢
9 lo @

, (s ©
Mot dwong di Euler cua H di tie dinh bdc lé x va ket thuc o aul an v owl a &

dinh bdc lé v la nhw Hinh 3.5b. (Luwu y: sau khi chon canh

(18) (19) an (9) (7

(3) thi canh (12) la cau). (14

| D) (12) ®© J
D6 la dwong di - <X; y; V; W, Z;t;r;q;p; i w; p;nym;  m S d
U X; V5 U N v>, Hinh 3.5b. Puong di Euler ciia H.

Vidu 2: Trong cdc do thi c6 huong sau, do thi ndo la do thi Euler, 6 thi mia Euler? Tim chu trinh,
dwong di Euler néu c6?
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Giai.

a) Bdn bdc ra va ban bdc vao cua cdc dinh trong G la:

m n P
q ]

Hinh 3.6. Do thi c6 hwéng G, , G, , G;.

Dinh x; a b
Deg™ (X)) 1 2
Deg ™ (xi) 2 2

Suy ra Gy la dé thi nira Euler.

So cung ciia Gy la m = Y.y deg™ (x) = 8 (cung)

Mot dwong di Euler cua Gy di ra twe d va két thiic 6 dinh a
la nhw Hinh 3.6a. (Luu y : sau khi chon cung (3) thi cung

(8) tré thanh cauw).

Duong didola:<d;b;a;c;d;c;b;d;a>.

b) Bdan bdc ra va ban bdc vao cua cdac dinh trong G; la:

Hinh 3.6a. Pwong di Euler cia G;

Dinh x; X y z t
Deg™(xi) 1 3 1 2
Deg  (xi) 2 2 2 1

Do thi Gy ¢6 hai dinh ¥, t co ban bdc ra hon ban bdc vao 1 nén G, khong phdi la do thi nira Euler.

C) Bdn bdc ra va ban bdc vao cua cdc dinh trong Gs la:
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Dinh x; m n p q S
Deg" (x)
Deg (i) 1 3 1 2 2

[N
w
[N
N
B

A . , A . x. > A > A N A A . ‘{1
Do thi Gz co bdc tai moi dinh can bang nén Gs la mot do thi /

Euler.

So cung cia Gz lam = Y,.cx deg*(x) = 9 (cung) Gs

Mot chu trinh Euler cua Gz dwogc tim nhw hinh bén. (Luu ¥ trinh 3.6b. Chu trinh Euler ciia Gs
sau khi chon cung (1) thi cung (9) la cdu).

Chu trinh do la <m ;q ;S;p;n;s;n;q;n;m>.

Vi _du 3: Birc hinh trong Hinh 3.7 c6 vé duoc bang mét nét biit a
(khéng nhéc bt ra khéi mdt gidy) ma khéng c6 phén nao ciia bire k b
hinh dwoc vé lai hai lan khéng? b .
Gidi.

d

Do thi trén Hinh 3.7 ¢6 ding 2 dinh bdc 1é g va d nén né c6
duwong di Euler. Vi vy ta cé thé vé birc hinh nay bang mét nét ma

khéng ndng bit khoi mdt gidy hodc vé lai mét phan ciia birc vé.
Hinh 3.7. V€& hinh m{t nét

Cu thé ta vé theo dwong di Euler bdt dau tir dinh g va két thiic &
dinh d nhw sau: <g; k; b, d; g f: a; e, f; h; a; c; e; d>.
3.1.3. Ung dung: Bai toin ngudi dwa thw Trung Hoa.

Bai todn: Mot buu ta nhin thu & buu dién va phai di qua mot s6 phd dé phat thu rdi quay vé buu
dién. Buu t4 d6 phai di theo hanh trinh nhu thé ndo dé duong di 13 ngan nhit (gia thiét ring moi con
phé c6 do dai nhu nhau).

Giai. D6 thi mé hinh biéu dién so do di cta buu ta nhu sau: Coi mdi con pho la mot canh cuia do thi,
cac diém giao cat (nga ba, nga tu...) gilta cac con pho la cac dinh cta do thi.

Bai toan trén dugc phat biéu lai 1a: Cho don dd thi vo huéng lién thong G = (X, U). Hiy tim mot
chu trinh Tp ngan nhét di qua tat ca cac canh cia G.

Xay ra hai truong hop sau:
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(1) : Néu G 1a @b thi Euler thi chu trinh ngdn nhat T can tim chinh 1a mot chu trinh Euler cua G,
va c6 do dai bang N(U).

(2) : Néu G khong 1a d6 thi Euler thi G ¢6 chira dinh bac Ié va khong c6 chu trinh Euler. Moi
chu trinh di qua tat ca cac canh cua G s& di qua mot s6 canh nao dé it nhat hai lan. Do Ty 1a
chu trinh ngan nhat nén Ty chi di qua mdi canh nhiéu nhat hai lan.

Pé ¥ rang, bang cach v& thém mdt sd canh song song vdi cac canh ma To di qua hai lan thi G sé tro
thanh mot dd thi Euler Gg va T chinh 13 mdt chu trinh Euler trong Gg.

Goi s6 canh ma Ty di qua hai lan 1a m(G). S6 canh m(G) xac dinh theo thuét toan sau:

(1) : Xac dinh tap cac dinh bac Ié Xo(G) = {x€ X| deg(x) l&}. Goi sb dinh bac ¢ cia G 1a 2k.

(2) : Phan hoach X, thanh k cap. Goi P = {Py, Py, ..., P} 1a tap hop tat ca cic phan hoach c6 thé
c6 cua Xo. Véi mdi phan hoach Pj, ta xac dinh d6 dai caa phan hoach P; nhu sau: d(P;) =
Yxy)ep, A(x,y), trong d6 d(x,y) = do dai duong di ngan nhat tir dinh x dén dinh y.

(3) : Khi d6 m(G) = minpcp d(P)).

Két luan, chu trinh ngin nhat Ty di qua tit ca cac canh ctia G ¢6 do dai la N(U) + m(G). Chu trinh d6
chinh 1a chu trinh Euler trong do thi Gg.

Vi du > Tim hanh trinh ngén nhdt cia bai todn nguoi dwa thu Trung Hoa véi dé thi sau:

Giai. b c

Dinh a b c d e e
Bac 2 3 2 3 3 3

S6 canh ciia G la m = %erx deg(x) = 8 (canh).

G f
Hinh 3.7a. Bai toan nguoi dua thu Trung Hoa.
Tdp cac dinh bdc lé cua G la Xo ={b; d; e; f}. Ta cé 3 phan hoach cia Xy la -

Pr={(bd); €N} => dP)=dbd)+def=2+1=3.
P,={(be); (N} => d(P)=d(be)+ddf=1+1=2
P;={(bf);(de)} => d(P)=d(bf)+dde)=2+1=3.

Vay m(G) = 2. Chu trinh ngan nhat Ty can tim ¢é dg dai la m + m(G) = 10 (canh).

61



Bang cdch vé thém 2 canh (b, e) va (d, f) ta dwoc do
thi Euler GEe.

Vay mét chu trinh ngdn nhat To di qua tdt ca cdc
canh cia dé thi G di cho la: <a; b; c; d;e;b;e;f;
d; f; a>.

Hinh 3.7b. Do thi Euler Gg.

3.2 PO THI HAMILTON. PO THI NUA HAMILTON.

Khai niém d6 thi Hamilton va d6 thi nira Hamilton xuat phat tir trd choi d6 vui do William Rowan
Hamilton, nha toan hoc Ailen, nghi ra nam 1857 nhu sau:

Tro choi “Vong quanh thé gidi”:

Gia sir c6 mot khdi da dién 12 mdt, mdi mat 14 mot hinh ngdi gidc déu nhu Hinh 3.8a. Mbi dinh
trong 20 dinh ctia khdi nay dwoc dit bang tén cia mot thanh phd. Hiy tim mot duong xudt phat tir
mot thanh phé, di doc theo cac canh caa khdi, gh¢ tham 19 thanh phé con lai, moi thanh phé dung
mdt lan, cudi cing tré vé thanh phd ban dau.

a) b) c)
Hinh 3.8. Tro choi “Vong quanh thé giéi” ciia Hamilton.

Bai toan trén dugc phat biéu twong duong: Trong do thi trén Hinh 3.8b c6 ton tai hay khong mot
chu trinh di qua moi dinh, moi dinh ding mot 1an?

Mot 101 gidi cho tro choi nay la Hinh 3.8d.

3.2.1.Pinh nghia. Cho db thi G = (X, U).
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Chu trinh Hamilton caa db thi G 1a chu trinh don di qua tat ca cac dinh cua G, mdi dinh ding mot
1an. Puong di Hamilton cua G 1a dudng di don di qua tit ca cac dinh cia G, mdi dinh dung mot lan.
Do thi ¢6 chu trinh Hamilton goi la dd thi Hamilton. Db thi khong c6 chu trinh Hamilton, nhung c6
duong di Hamilton goi 1 d6 thi nira Hamilton.

Hién nhién, d6 thi G khong phai 1a d6 thi nira Hamilton thi chic chan khong phai 1a @6 thi Hamilton.

Vi du : Do thi trong Hinh 3.9a, Hinh 3.9b la do thi Hamilton, véi cac chu trinh Hamilton la <G; A;
B D; C: E: F: G> va <x3) Xe, X7. X5. X2) X4, X1} X3>. Do thi H trong Hinh 3.9c khong co chu trinh
Hamilton, chi ¢6 dwong di Hamilton la <g; a; b; ¢; d: e; f>. Do thi trong Hinh 3.9d khéng cé chu
trinh Hamilton va khong co dwong di Hamilton.

A B
¥ b d
D a c
€
a) G F E b g H
b

S

a C
»>— L

X3
A 24 h k

b -— o

C) Xs G X7 d) G
Hinh 3.9. Po thi Hamilton, d6 thi nira Hamilton.

3.2.2. Nhan biét do thi Hamilton, nira Hamilton.

Dinh Iy 1: Cho don d6 thi vo hudng lién thong G = (X,U) c¢6 n dinh. Khi d6, G 1a do thi Hamilton
khi va chi khi mot trong cac diéu kién sau xay ra:

(1) Vx,y € X, deg(x) +deg(y) =n.
(2) Vx € X, deg(x) = %

Hé qud :

(1) Pon db thi vo hudng lién thong G = (X,U) ¢6 n dinh ma Vx € X, deg(x) > "2;1 thi G 1a d6
thi nira Hamilton.
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(2) Pon d6 thi c6 huéng lién théng manh G ma Vx € X, deg*(x)> % va deg (x) = %thi G la do
thi Hamilton.

Dinh Iy 2: Po thi dau logi — 14 dd thi trong d6 hai dinh bét ki ctia né dugc ndi v6i nhau boi ding
mot cung, 1a do thi nira Hamilton.

Dinh Iy 3: Néu xo6a di k dinh cung céc canh lién thudc cia mot don dd thi G lién thong ma duoc dd
thi con c6 nhiéu hon k thanh phén lién thong thi G khong phai 1a d6 thi Hamilton.

M@t sé quy tic tim chu trinh (dwong di) Hamilton.

(1) Néu G c6 mot dinh bac bé hon 2 (tc G c6 dinh treo hoic c6 lap) thi G khong phai 1a do thi
Hamilton.

(2) Néu mot dinh x c6 bac bang 2 thi ca hai canh ké véi dinh d6 déu thudc chu trinh (dudng di)
Hamilton can tim.

(3) Trong khi x4y dung chu trinh Hamilton, sau khi 1ay hai canh ké voi mot dinh nao d6 thi phai
loai bo moi canh ké con lai v&i dinh do.

(4) Chu trinh Hamilton khong duoc chira bét ki chu trinh con nao. (Do vay moi d6 thi c6 mot
dinh k& voi ba dinh béc hai thi khéng phai 1a d6 thi Hamilton).

Chii y: Quy tic trén khong phai 1a thuat toan, nén dé tim chu trinh (duong di) Hamilton phai thir tat
ca cac kha niang cua cac canh duoc chon theo quy tic trén.

Vi du 1: Chitng t6 rang do thi Go khéng c6 chu trinh Hamilton nhung ¢6 dwong di Hamilton?

Hinh 3.10. Dé thi nira Hamilton G,.

Dinh | X1 X2 X3 X4 X5 Xe X7 Xg X9 X10 X11 X12 X13

Bac |3 4 3 4 3 3 4 3 3 4 3 4 3

S6 canh N(U) =Y. ex deg(x) = 22 (canh).
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Dé ¥ rcfng khi xoa di 5 dinh x», Xa, X7, X10, X12 ta dwoc do thi con co 6 thanh phdn lién thong nén G

khéng phai la d6 thi Hamilton.

Ta tim duwong di Hamilton nhu sau:

Buoc | Canh chon Canh xoa Pinh tham | S6 canh —
dinh da qua
1 (X1, X2); (X1, Xa) (X1, X13), do dd chon dii 2 canh ké | X1, X2, X4 2-3
VOT X1.
2 (X3, X10); (X13, X12), dO X13 X13,X10, X12
co bac 2. (X2, X3); (X2, Xs), do da chon du 2 5-7
(X2, Xs) canh ké x». X5
3 (X3, Xa); (X3, X7), dO X3 O | (X4, X8); (X4, Xo), do da chon du 2 | X3, X7
bac 2. canh ké xa.
(X6, X7); (X6, X10), dO X6 O | (X7, Xg); (X7, X11), do da chon du 2 | Xe 9-10
bac 2. canh ké x.
(X10, X11); (X120, Xs), do dd chon du
2 canh ké x1o.
4 (Xs, Xg) (X12, X9) dO tao thanh chu trinh. X9 11-12
(Xs, X12) (X12, X11) do dé chon dii 2 canh ké | xg
X12.

Chi chon dwoc 11 canh va chi qua dwoc 12 dinh nén cach chon nay khong tim dwoc duwong di

Hamilton.
Cach chon khac:
Buoc | Canh chon Canh xoa Dinh tham S6 canh — dinh da qua
1 (Xl, X4); (Xl, X13) (Xl, Xg) X1, Xa, X13 2-3
2 (X13, X10) (X13, X12) X10
(Xa, X3) (X4, Xg); (X4, Xo) X3 4-5
3 (X8, X7); (X8, X12) X8, X7, X12
(X9, Xs); (Xo, X12) (X12, X11) X9, X5 8-10
4 (X11, X7) (X7, X3); (X7, X6) X11 10-11
(X11, X10) (X10, X6); (X10, X5)
5 (X3, X2); (X6, X2) (X2, Xs) X2, X6 12 -13

Chon duoc 12 canh va di qua 13 dinh, co dwong di Hamilton la <Xe, X2, X3, X4, X1, X13, X10, X11, X7, X8,
X12, X9, X5=> (13 dinh).
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Vidu2: Xétxem Gy cé phdi la do thi Hamilton, mira Hamilton khéng? Tai sao?

1/R3 ,

Giai. Bdc cua cac dinh la: lo—& -l
pinh [1 [2 [3 [4 [5 [6 [7 [8 |9
Bic |3 |3 |3 |2 |2 |2 |3 [3 |3 TOOT %Y 4 se e
S6 canh N(U) = Ycx deg(x) = 9 (canh). A s o Ao

Hinh 3.11. Pé thj nita Hamilton G, .
Ta c6 mot cach chon cdc canh nhw sau:

Buorc Canh chon Canh xoa DPinh tham S6 canh — dinh da qua
1 1, 4); 4,7) 1,4,7 2-3
2 (2,5); (5, 8) 2,5,8 4-6
3 (3, 6); (6,9) 3,6,9 6-9
4 1,2 1, 3); (2, 3);(7,8) 7-9
5 (7,9 8,9 8-9

Chon duoc 8 canh va di qua 9 dinh, co duwong di Hamilton la <3, 6, 9, 7, 4, 1, 2, 5, 8>. (B5 thi Gia
trong Hinh 3.11).

Véi cdac cdach chon khéc ciing chi tim dwoc dwong di Hamilton nén Gy khéong phdi la do thi
Hamilton, G1 chi la nita Hamilton.

Vi du 3. D6 thi sau cé phdi do thi Hamilton, mira Hamilton khong? Tim chu trinh, duong di
Hamilton néu c6?

a h c a I: c
i J ek ie ok
4 o P q A d Pe $h
n = 1 ne o/
e £ g e S g
Hinh 3.12. Db thj G. Hinh 3.13. Db thi con ciia G.

Gidi.

66




Pinh

a (b |c |h |g [f |e |d

0
—
3
>

pe]

Bac

2 |3 |2 |3 |2 |3 |2 |3

S6 canh N(U) = Y,.cx deg(x) = 24 (canh)

Pé y rang xéa di 4 dinh o, j, q, m va cdc canh ké véi ching ta thu dwoc dé thi con ¢ 6 thanh phan
lién théng nén G khéng phai la do thi Hamilton. (Hinh 3.13)

Ta tim duong di Hamilton nhu sau

Buoc | Canh chon Canh x0a Dinh thim | Sb canh — dinh da qua
1 (a,b); (a,d) a, bd 2-3
2 (e,d); (e,f) (d,0) e f 4-5
3 (9.f); (9,h) (f, m) g, h 6-7
4 (c,b); (c,h) (b, j); (h,a) C 8-38

Chon duwoc 8 canh va di qua 8 dinh nén c6 chu trinh con C1 = <a, b, c, h, g, f, e, d, a> Viy G
khong co chu trinh Hamilton.

Tié'p tuc chon cac canh tim dwong di Hamilton, ta cé chu trinh C, = <o, i, j, K, q, t, m, n, 0> va dinh
6 ldp p. Khong thé tao thanh dwong di Hamilton tir cdc chu trinh Ci1, Cy va dinh p. Viy G khéng la
nwa Hamilton.

Vi du 4 (Tro choi “Vong quanh thé gidi”:

b)

Hinh 3.14. Chu trinh Hamilton trong tré choi “Vong quanh thé gi6i”.

Gidi. Moi dinh ciia do thi déu cé bdc bang 3. S6 canh = %erx deg(x) = 30 (canh).

Chon duoc 20 canh va di qua 20 dinh, c¢6 chu trinh Hamilton la <1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20>. (Hinh 3.14a)
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Mot dap an khac: <1,2,3,16,17,18,19,20,7,6,13,12,8,9,10,11,15,14,4,5,1>. (Hinh 3.14b)
3.2.3. Céy liét ké chu trinh Hamilton.

Dung dé liét ké tat ca cac chu trinh Hamilton trong d6 thi nho thuat toan quay lui, bang viéc phat
phat trién day dinh ké. Quy tic vé& cay liét ké chu trinh, dudng di Hamilton:

(1) Chon 1 dinh bét ki lam géc.

(2) Ghép tét ca cac canh lién thudc véi goc ta duge dinh muc 1.

(3) Tir mdi dinh muc 1, ghép tat ca cac canh lién thudc véi dinh nay sao cho khdng tao thanh

chu trinh ta dugc dinh muec 2.

Ctr nhur vy cho dén khi khong thé ghép thém duoc nira.
Tir cac dinh mirc n — 1 néu c6 duong di téi goc thi co chu trinh Hamilton, con khong cé duong di toi
gbc thi co duong di Hamilton.
Trong trudng hop d6 thi khong co qua nhiéu canh, dung cay liét ké ta co thé kiém tra xem dd thi c6
phai 1a Hamilton hay khong.

Vi du: Chon dinh 1 lam goc, ghép tdt ca cdc dinh ké lién tiép tir dinh ndy sao cho khéng tao thanh
chu trinh ta co cay liét ké nhu sau:

Dinh mitc 1
Dinh mikc 2

Dinh mikc 3

2 Dinh nukc 4

Hinh 3.15. Cay liét ké chu trinh Hamilton.

Tu cdc dinh 4 va 2 (muc 4) co duong di toi géc nén ta co cac chu trinh Hamilton <1;2;3;5:4:1>;
<1;2:5:3:4;1>; <1:;4;3;5;2;1>va <1;4;5;3;2;1>.

Vay do thi da cho la do thi Hamilton. (Co hai chu trinh Hamilton khdac nhau la <1;4;3;5;2;1> va
<1;4;5;3;2;1>).

3.2.4. Bai toan sap xép chd ngoi.

Bii todn : C6 n dai biéu tir n nudc dén dy hoi nghi qudc té. Mai ngay hop mét lan ngdi quanh mot
ban tron. Hoi phai b tri bao nhiéu ngay va b tri nhu thé nao sao cho trong mdi ngay, mdi ngudi cé
hai ngudi ké bén 1a ban méi. (Luu ¥ rang n ngudi déu mudn lam quen véi nhau).
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Xét do thi gom n dinh, mdi dinh ang voi mdi nguoi dy hoi nghi, hai dinh k& nhau khi hai dai biéu
tuong tng mudn 1am quen voi nhau. Nhu viy, ta ¢ dd thi diy du K,. D6 thi ndy 1a Hamilton va rd
rang mdi chu trinh Hamilton 1a mdt cach sip xép nhu yéu cau caa bai toan.

Bai toan trd thanh tim cac chu trinh Hamilton phdn biét cua dd thi day du K, (hai chu trinh
Hamilton goi la phdn biét néu chiing khéng cé canh chung).

Dinh ly: Trong K, (voin 1¢, n = 3) c6 ding nT_l chu trinh Hamilton phan bi¢t.

Chwng minh: K, ¢6 @ canh va mdi chu trinh Hamilton c6 n canh, nén s6 chu trinh Hamilton

phan bigt nhicu nhat 1a == .

Gia str cac dinh cua K, 1a 1, 2, ..., n. Bat dinh 1 tai tam ctia mot duong tron va cac dinh 2, ..., n dat
cach déu nhau trén dudng tron sao cho dinh Ié nam & ntra dudng tron trén va dinh chdn nim & nta

duong tron dudi (hai dinh lién tiép cach nhau ﬁ duong tron).
Ta c6 ngay chu trinh Hamilton dau tién 1a <1; 2; ...; n;1> (Hinh 3.16).

Céc dinh duoc giit ¢6 dinh, xoay khung theo chiéu kim dong hd véi cac

gbc quay: = dudng tron ta duoc n — 1 chu trinh Hamilton nhung chico 2
n-1

712;1 chu trinh Hamilton khac nhau.

Hinh 3.16. Pé thi sip xép
Chu trinh Hamilton cudi cling thtt “—;1 a<lin-2:mn-—4:n—1I; .. ché ngdi.

3;6;2;4;1>. m
Vi du : Hay liét ké cdc chu trinh Hamilton phén biét (khdng cé canh chung) trong dé thi day dit Ko?

Chii y: Vi n chin, moi chu trinh Hamilton cua K, déu c6 it nhdt mot canh chung véi nhau, do vay
s6 chu trinh Hamilton phan biét ctia K, (n chdn) 1a duy nhat.

3.3 PO THI VO HUONG PHAN DOI
3.3.1. Dinh nghia:

D6 thi vo hudng lien thong G = (X, U) goi 1a d6 thi phdn déi duoc (hay do thi hai phia) néu tap dinh
X clia nd ¢ thé phan hoach thanh hai tap X, X3 ro1 nhau sao cho mdi canh cta dd thi ndi mot dinh
cua X; voi mot dinh cta Xo.
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%m m

Hinh 3.17a. Db thi phan dbi . Hinh 3.17b. Db thi phan déi diy du.

Xi X

Do thi v6 hudng phan do6i G = (X1 UXy, U), goi 1a dé thi phdan déi day du, ki hiéu Kppy néu N(Xy) =
m, N(X2) = n va moi dinh ctia X; déu dugc ndi véi moi dinh ctia Xa. (K, n 6 m dinh bac n va n dinh
bac m).

Dinh Iy: Don d6 thi vo hudng lién thong G 1a d6 thi phan doi khi va chi khi né khong chira chu trinh
c6 do dai lé.

U
/ N
: \

Hinh 3.18. Do thi khong phin déi dwoc.
Cic tinh chit:

(1) D6 thi vo hudng lién thong G 1a dd thi phan doi khi va chi khi sic s6 1(G) = 2.
(2) Néu G = (X1 UXz, U) 1a @6 thi phan doi thi Ke(X1) = X, va Ke(Xz)= X.

(V6i Ke(Xy) la tdp tat ca cdc dinh ké véi it nhdt mét dinh trong X1; Ke(Xo) la tdp tdt ca cdc dinh ké
Vi it nhat mét dinh trong X3).

(3) Néu G 1a @6 thi phan doi thi X; va X, 1a cac tap ODT cuyc dai cua G.

3.3.2. Thuat toan nhan biét va biéu dién hinh hoc cia dé thi phan doi

Cho d thi vo hudng lién théng G = (X, U).
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Thuét toan sau ddy cho phép kiém tra d0 thi G c6 phai 1a d6 thi phan d6i khong.

(1) (Khoi tao): Dat X; = {Xo}, V4i Xo 1a dinh ndo d6 cua G; X, = @.
(2) (Lap): Néu X; N X, = @ thi X3 = X3 U Ke(X2) ; X2 = X2 U Ke(Xy).
Dungkhi X;nNX, # @ (1).
hoic XivaXylatdidai(thcla X, NX, = @vaX,UX, =X) (2.
(3) Két luan: Néu (1) xay ra thi G khong phai 1a d6 thi phan doi.
Trai lai, néu (2) xay ra thi G 1a d6 thi phan d6i va tap dinh X dugc phan thanh hoach thanh cac tap
dinh X; va X,.

Vi du: D6 thi G trong Hinh 3.19 c¢6 phdn déi dwoc khéng?

Hay biéu dién hinh hoc dé thi G thanh hai phia dé tach tdp
dinh thanh hai tip OPT?

Hinh 3.19. D6 thi G.

Gidi.
Butée ldp Tdp dinh X1 Tdp dinh X, Két ludn

1 {a} {h; i; m; b} XnX,=0

2 {a; 9;k; e; c} {h;i; m; b; f; d} XinX, =90

3 {a; g; k; e; c} {h; i; m; b; f; d} XinX,= @vaX, VX, =X

Vay G la dé thi phan déi. Biéu dién hai phia ciia G nhw sau:

Hinh 3.20. Biéu dién hai phia ciia d6 thi G.

Mt s6 teng dung ciia do thi phin déi:
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(1) D6 thi phan dbi thuong dugc dung dé mé hinh cac Bdi fodn ghép cdp, quan hé hon nhan giira
tap nhirng nguoi dan 6ng va tap nhirng ngudi dan ba, sinh vién chon trudng, thay gido chon
tiét day trong thoi khoa biéu...

(2) Mot vi du Bai todn phan cong cong viéc. Gia sir ta c6 mot nhom ngudi P va mot tap cong
viéc J, trong d6 khong phai ai cling hop véi moi cong viée. Ta c¢6 thé md hinh bai toan bang
mot d6 thi vai tap dinh 1a P U J. Néu ngudi p; ¢6 thé 1am cong viéc ji, do thi s& c6 mot canh
ndi gitta pi va jk . Liéu co thé phan cong mdi ngudi dam nhiém mot cong viée thich hop Vvéi
trinh do cua nguoi d6 khong?

3.4 PO THI PHANG
3.4.1. Pinh nghia:

Mot do thi dugc goi la do thi phcfng néu c6 thé biéu dién nd trén mat phéng sao cho cac canh chi
giao nhau tai cac dinh. Cach biéu dién nhu vay goi 1a biéu dién phang cua db thi.

Vi du:

XOA® £

Hinh 3.21. K4 1a o thi phang. Hinh 3.22. Ks3 v Ks 1a dd thi khong phing.
Ung dung ciia do thi phing:

D6 thi phing c6 nhidu ing dung quan trong trong cong nghé ché tao mach in. Biéu dién phing cua
dd thi s& chia mat phéng ra lam cac mién, bao gém ca mién khong bi chan.

Ngoai ra, mdt trong cac ung dung la 4nh xa tir dnh s6 hai chiéu sang mot dd thi phéng. Trong do,
anh s6 duoc biéu dién dudi dang ma tran ludi 6 vudng; mdi 6 ddc trung cho 1 pixel.

3.4.2. Cong thuc Euler.

Dinh Iy Euler: Cho G la don d6 thi lién thong phang c6 n dinh, m canh. Goi f 1a s6 mién trong biéu
dién phing cta G. Khi d6: f=m—n+ 2,
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Vidu 1: Cdc do thi sau day déu la cdc do thi phdng.

/N
&
O &

Hinh 3.23. Biéu dién phéng ciia dd thi c6 dang la cac khdi da dién.

D6 thi ph(fng Hy cé n = 20 dinh, méi dinh bdc 3. Hién nhién, Hy khong co chu trinh do dai 3 nén m
< 2n—4 = 36. S6 canh ciia Hy la m = %erx deg(x) = 30 (canh). Theo cong thirc Euler s6 mién
trong biéu dién phang cia Hy la: f=m —n + 2 = 12 (mién).

H¢ qud 1: Néu G 1a don d6 thi phang lién thong véi n dinh, m canh thim < 3n — 6.

H¢ qud 2: Néu G 1a don d6 thi lién thong phiang c6 n dinh, m canh va khong c6 chu trinh c6 d6 dai 3
thim < 2n—4.

H¢ qud 3: Trong don do thi phang lién thong, ludn ton tai it nhit mot dinh cd bac < 5.

Vidu?2:

Xét do thi Ksz c6n = 6; m =9. Ta c¢6 Kaz la don do thi lién thong khong c6 chu trinh dg dai 3
nhing khéng théa man tinh chat cia do thi phang trong Hé qud 2 (m = 9 >2n — 4 = 8). Do vdy K33
khéng phdai la do thi phang.

Xét trong tw véi Ks cé n = 5; m =10. Ta ¢6 Ks la don do thi lién thong nhung khéng théa man tinh
chdt ciia do thi phang trong Hé qud 1 (m = 10> 3n— 6 = 9). Vdy Ks khéng phdi la do thi phang.

3.4.3. D4u hiéu nhan biét do thi khéng phang

Déu higu 1: Néu db thi G chira mot dd thi con khong phang thi G khong phai 1a d6 thi phang.
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Déu hiéu 2: D6 thi G khong thoa man két luan cua Hé qua 1, H¢ qud 2 1a db thi khong phang.

Dinh nghia: Ta ndi dd thi G’ sinh ra tir G boi phép chia theo canh (X, y) néu G’ ¢b dugce tir G bang
cach bo di canh (x, y) dong thoi thém dinh z va hai canh (X, 2), (z, y).

Céc d6 thi Gy va G, duoc goi 13 dong phéi véi nhau néu ching sinh ra tir cing mot do thi G bang
mot day cac phép chia canh.

Déu higu 3 (Pinh Iy Kuratowski): D6 thi G khong phang khi va chi khi G chira mot db thi con dong
phéi vé6i Ks 3 hodc Ks .

Vi du: Xét xem cdc do thi sau c6 phdi la d6 thi phang khong? Tai sao? Hay tim biéu dién phdang ciia
noé néu cé?

Hi
Hs

Hinh 3.24. D6 thi khong phang.

BAI TAP CHUONG 3.
3.1. b thi vo hudng nao sau day la dd thi Euler, nira Euler? Dd thi nao 1a dd thi Hamilton, nta

Hamilton? Tim chu trinh Euler hoac duong di Euler, néu c6? Tim tt ca cac chu trinh Hamilton
hodc duong di Hamilton, néu c6?
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3.2. Do thico huong nao sau day la dd thi Euler, ntra Euler? Tim chu trinh Euler hodc duong di
Euler, néu c6?
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3.3. Xét cac dd thi cho boi ma tran ké sau: DO thi nao 1a d6 thi Euler (nira Euler), dd thi
Hamilton, (ntra Hamilton)? Tai sao?

0 1 0 0 0 0 O 0 1 0 1 0 1 1
0 01 0 0 0O 1 01 01 01
0 001 0 O01 01 01 001
agA={0 0 0 0 1 0 O b)A=1[1 0 1 0 1 1 0
0 00 00 01 01 01 011
10 0 0 0 0O 1 0 01 100
‘0 1 0 0 0 1 O ‘1 1.1 0 1 0 O

3.4. 6 thi nao dudi day 1a do thi phan d6i? Hay tim biéu dién hai phia ctia d6 thi d6 (néu co).

3.5. Giai bai toan ngudi dua thu Trung Hoa véi cac do thi trén (trong bai 3.4).

3.6. Chi ra cac dd thj phang, do thi khong phang trong cac hinh dudi day? Tim biéu dién phang
ctia n6 (néu co).
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Chuong 4.

CAY VA MOT SO UNG DUNG CUA CAY
Muc tiéu: Nguoi hoc xac dinh va trinh bay lai duoc cac tinh chat co ban cua ciy, cdy m — phén.
Trinh bay lai dugc cac phép duyét cay nhi phan. Nhan dién duoc ma tién té va tng dung ciy dé tim
ma tién té toi wvu. Ngudi hoc xac dinh duoc cdy khung va cay khung nho nhat cua db thi.

4.1 CAY VA CAC TiINH CHAT CO BAN CUA CAY.

411 Dinh nghia
Cdy 1a mot dd thi vo hudng lién thong va khong co chu trinh.

Rirng 13 d6 thi vo hudng khong c¢6 chu trinh, khong lién thong. No6i cach khac, rimg 1a mot d6 thi ma
mdi thanh phan lién thong ctia nd 13 mot cay.

Vi du:

T; T T3
Hinh 4.1. Vi du vé rirng ¢6 3 ciy Ty, T2, Ts .
Nhan xét :

(1) Moi cay déu 1a do thi phang. Moi cay déu 1a do thi phdn déi. Moi cay déu ¢d sdc sé bang 2.
(2) Cho T = (X, U) 1a mdt cay c6 n dinh. Do T lién thong va khong c6 chu trinhnén T co n—1
canh, hon nita moi canh déu 1a cau.

41.2 Cic tinh chit co ban ciia cdy

DPinh Iy: Cho T = (X, U) 1a mot dd thi v6 hudng co n dinh (n>2). Cac phat biéu sau ddy 1a twong
duong:
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(1) T 1a mot cay.

(2) T khong co chu trinh va ¢c6 n — 1 canh.

(3) T lién thong va c6 n— 1 canh.

(4) T lién thong va moi canh déu 1 cau.

(5) Hai dinh bat ki caa T duoc ndi véi nhau bai mot duong di don duy nhat.

(6) T khong c6 chu trinh va néu thém vao mot canh néi hai dinh bat ki khong ké nhau thi trong T
Xuat hién mot chu trinh don duy nhat.

Vidu: XétcayT césodinhn=18 => s6 canh cia Tlam =17 (canh).

b T’

Hinh 4.2. Vi du vé cay T.
Tir dinh a dén dinh z ¢ dwong di don duy nhdt la <a; c; e; g hym; p;x; z>.

Moi canh cia T déu la cau. Chcfng han, khi xoa canh (g, h) thi ta thu dwoc dé thi T’ ¢6 hai thanh
phan lién thong Ty va T, (s6 thanh phan lién thong tang).

Trong cay T néu thém mot canh néi hai dinh d va i ta cé mot chu trinh don duy nhat la <d: g h k
i; d>.

4.1.3 Cay c6 goc
Dinh nghia 1: Cho cay T = (X, U). Trong ciy T, ta tién hanh xac dinh mirc cho ting dinh nhu sau:

(1) Chon mét dinh tiy ¥ 1am gbc ciia cay, ki hidu Xo, ¢6 mirc 13 0.

(2) Pinh ké voi gbc goi la dinh mic 1. Cr nhu vdy, dinh chua xac dinh mirc nhung ké véi dinh
muc k-1 goi la dinh muc k.
Cay da xac dinh muic cho cac dinh nhu trén goi 1a cdy c6 gac.

Vi du 1: Trong cdy T (Hinh 4.2), chon dinh g lam goc ta c6 cdy Ty c6 goc nhw sau
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g (xo) Dinh mikc 0

Dinh mire 1

Dinh muc 2

Dinh muc 3

Id) a
g Dinh muc 4
- 3® Dinh mirc 5
Hinh 4.3a. Cay ¢6 gbe To. Hinh 4.3b. Cac cy con tai g ciia ciy c6 gbe To.

Nhdn xet.

(1) V&i mdt cay c6 n dinh thi s& sinh n cay c6 gbc d6i mot khac nhau.
(2) Cay c6 gdc co thé coi 1a mot do thi ¢6 hwéng, trong d6 c6 diing mot dinh 13 gbc Xo c6 ban bac
vao bang 0, con tt ca cac dinh khac déu c6 ban bac vao bang 1.

Hon nira, dinh v c6 murc 1a k khi va chi khi duong di tir géc Xo dén v c6 do dai bang k.
Dinh nghia 2: Cho cay c6 gbc T.

(1) Néu v 13 mot dinh khac gdc Xo thi ¢é mét dwong di don duy nhat tir gbc xo dén v. Trén duong
di nay: ta goi dinh u k& véi v 13 cha cua v va nguoc lai v goi 1a con caa u; tit ca cac dinh
khong ké vai v goi 14 t6 tién cua v va nguoc lai v duoc goi 1a con chdu caa cac dinh nay.

(2) Céac dinh c6 cung cha goi 1a anh em.

(3) Cho y 1a mot dinh cua cay T. Ki hiéu T(y) 1a dd thi con cua cay T dang xét, bao gdm dinh y
va cac con chau cua nd cung tat ca cac canh ké cac con chau cua y. Khi 6 T(y) duoc goi 1
Mot cdy con tai dinh r ciia cay T ban dau (¢ day r 1a cha cua y).

(4) Cac dinh cua cay khong c6 con duoc goi 1a la. Hay néi cach khac, moi dinh treo khong co
con (khong phai 1a gbc) 1a /g cua cdy. Moi dinh khong phai 1a 14 goi 1a dinh trong cua cay
(g6¢ Xo ciing 1a mot dinh trong). Chiéu cao h(T) cua cay 1a muc I6n nhat cia mot 1a trong
cay.

(5) Mot cay co gbc T goi 1a doi xing (hay cdn doi) néu moi dinh 1 14 déu c6 mirc bang chiéu
cao h(T) cua cay.

Vidu 2: Cay To trong Hinh 4.3a c¢6 10 ld la: d; a; b; f; 1; 0 ; n; q; z; y. Cdc dinh trong cia Ty la: g;
e, h;c; k; m; p; x (8 dinh).
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Pinh trong g la cha ¢6 3 con la d; e; h. Cac dinh g ; h; m; p; X la t6 tién ciia cdc dinh z; y. Con
chau cua e la a; b; ¢, f- Anh em voi dinh k la dinh m.

Chiéu cao ciia cdy Ty la h(To) = 5. Cay Ty la cdy c¢é goc khéng cin doi.

Cdc cdy trén Hinh 4.1 la cdc cdy can déi véi goc la dinh xo dd chi ra trén Hinh 4.4

¥ 22

Hinh 4.4. Céc cy c6 gbc can dbi .
4.1.4 Cay m-phan
Dinh nghia:

(1) Mét cay co gbc T duoc goi 1a cdy m-phdn, néu mdi dinh trong cia T c¢6 nhiéu nhat m con va
¢6 it nhdt mot dinh c6 m con.

(2) Cay c6 gbc T goi 1a cAy m-phdn day dit néu moi dinh trong caa né déu co6 m con.

(3) Cay m-phan véi m = 2 goi la cdy nhi phan.

Dinh Iy 1: Mot cidy m-phan day du co k dinh trong thi c6 m.k + 1 dinh va (m — 1).k + 1 1a.

Dinh Iy 2: Mot cdy m-phan c¢6 chidu cao h va sé 14 s thi: s <m" hay h = logn(s) (*).

Tuc 13, $6 ld nhiéu nhdt cb trong cac cdy m-phan cé ciing chiéu cao h 13 m";

hay chiéu cao nhé nhdt ciia mot cdy m-phan co s 14 13 s6 nguyén nhé nhat khéng bé hon 10gn(s).
Dau bang & (*) xay ra khi T 1a cAy m-phan diy du va can ddi (Tuc 14, khi T 14 cdy m-phidn ma moi
dinh trong déu c6 m con va moi 14 déu c6 mirc bang chiéu cao cia cay).

Vi du 1: Trong Hinh 4.3, cdy To va Ty la cdy 4-phdn (khéng phdi cay 4-phdn day dii) cé chiéu cao
h(Ty) =4 va h(Ty) = 3; Cdy Ts la cdy nhi phdn day di, can déi c¢é chiéu cao h(T3) = 3 va ¢6 8 ld
(S6 ld nhiéu nhdt ciia mét cdy nhi phdn cé chiéu cao bang 3 la 8 1d).

Vi du 2: Cho cdy nhi phdan T ¢6 18 la. Ta c6 log,18 = 4,17 nén chiéu cao nhé nhdt cia T la: h = 5.

4.15 Cay quyét dinh
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Dinh nghia: Cdy quyét dinh 13 mot ciy co gbc co thé ding d& mé hinh cac bai toan, trong d6 c6 mot
diy cac quyét dinh din dén 101 giai. Cu thé, trong ciy quyét dinh, mdi dinh trong Gng v&i mot quyét
dinh va méi cdy con cta nd ung voi moi mét két cuc ¢ thé cua quyét dinh cha.

Nhiing 16i giai co thé co ctia bai toan twong tmg vi mdi dudng di tir gbc dén 14 cua ciy quyét dinh
nay.

Vi du: Can thuwc hién t6i da bao nhiéu phép so sanh nhi nguyén (méi lan so sanh hai phdn tir véi
nhau) dé sdp xép n s6 thuc phdn biét a1, @y, ..., an theo thir tw giam dan.

Gidi. M6 hinh bai todn bang cdy quyét dinh nhie sau:

MGi dinh trong twong vmg la mét quyét dinh so sanh hai s6. Méi cdy con tai dinh trong ndy twong
g voi mét két cuc ciia quyét dinh. Moi quyét dinh déu c6 hai két cuc nén moi dinh trong cé ding
hai con => Cdy quyét dinh cho bdi todn nay la cdy nhi phéan ddy di.

Hinh 4.5. Ciy quyét dinh dé sip xép 3 phan tir phin biét a, b, ¢ theo thir ty giam dan.
Mai 1oi gidi twong vmg véi mot duong di tir goc dén ld. Bai todn ¢6 n! 16i gidi (n! két qua) twong
1ng véi s6 hodn vi ciia n s6 thiee. Nén cdy quyét dinh nay cé n! Id.

Ta ¢6, s6 t6i da cdc phép so sanh can ding bang d¢ dai dwong di dai nhdt tir goc dén mot li nao
d6. Noi cach khdc, s6 t6i da cac phép so sanh can ding bang chiéu cao ciia cdy quyét dinh.

Do cdy quyét dinh la cdy nhi phin day @i c6 n! lé nén chiéu cao cia cdy nay la chiéu cao nhé nhit
trong s6 cdc cdy nhi phan cé n! la. Vay cdy nay c6 chiéu cao bang s6 nguyén nhé nhdt khong bé hon
logz(n!) (theo Dinh ly 2 o trén).

Két ludgn: S6 phép so sanh nhi nguyén t6i da can dimg dé sdp xép n sé thuc phan biét la s6 nguyén
nhé nhit khong bé hon log,(n)).
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4.2  CACPHEP DUYET CAY. UNG DUNG CAY VAO MA HOA THONG TIN

4.2.1. Cac thuat toan duyét cay

Céc thu tyc viéng thim mot cach c6 hé thong tat ca cac dinh ciia mot cdy c6 gde va duogce sap thi tu
(ttrc 1a cac dinh anh em c6 cung cha dd dugc sap th ty tir trai qua phai), duoc goi 1a cdc thudt todn
duyét cay.

Dinh nghia: Cho T = T(r) 1a mot cay c6 gdc va duogc sip thir tu voi goe r. Goi Ty, To, ..., Th 14 cic
cay con tai r cua T theo thr ty tir trai qua phai. Co 3 thuat toan duyét cay T duoc st dung thuong
xuyén nhat 1a: Duyét tién thir tw, Duyét trung thir tir, Duyét hdu thir tw. Mdi thuat toan duoc thuc
hién lan luot qua n+1 budc theo thir tu liét ké sau day:

(1) Duyét tién thiz tie: Tham goc r / Duyét cay con Ty /.../ Duyét cay con Ty.

(2) Duyét trung thez tu: Duyét cay con Ty / Tham géc r / Duyét ciy con T, / Duyét cay con Tz /
.../ Duyét cay con Th,.

(3) Duyét hdu thz tir: Duyét cay con Ty / .../ Duyét cay con T, / Tham géc r.

Vi du 1: Héy duyét cdy cé goc Ty trong Hinh 4.3 theo thudt todn duyét tién thir tw, duyét hdu thir tir,
duyét trung thir ty.

Giai. Cac dinh dwoc viéng tham lan leot 1a:

Duyét tién thir tw g.d,acb,efikohmnp,qxY,z
Duyét trung thir tu d,g,a¢cb,ef i kohnmaqgnp,zx.y.
Duyét hdu thir tu d,a b,cfeioknnqgzyxpmh,ag.

Cac ky phap trung 10, tién té va hiu to:

Ta c6 thé biéu dién cac biéu thirc phirc tap bang cay nhi phan va dugc sap thir tu. Trong d0, cac dinh
trong biéu thi cic phép toan (toan tir) va cdc ld biéu thi cac sd hay cac bién (toan hang).

Vidu2:
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Hinh 4.6. Cay nhi phn biéu dién biduthic 4 = (x +y)? + *vaB=x+y? + x —3

(A)

Duyét cdy nhi phan biéu dién biéu thirc A va B theo thuat toan duyét trung thi tir ta déu thu dugc
biéu thac (goi 1a dang trung td) x + y ~ 2 + x — 4 / 3. DPé cho rd rang va tao ra biéu thic co cac
toan hang va céc toan tir theo thir tu dung nhu 1a di c6 trong biéu thirc ban dau thi trong dgng trung
té nay can thém ngodc don. Chang han, dé thu duoc biéu thirc A thi ta can thém ngodc mbi khi gap
mot phép toan: (x +y )" 2 +(x —4) /3.

Bang cach duyét cay nhi phan biéu dién biéu thic nay theo thuat toan duyét tién ther tu, duyét hau
thi tu ta thu duoc dang tién t6 va dang héu t6 cua biéu thirc ban dau.

Ta goi, dang tién t6 va dang hau té cua mot biéu thic 1an luot 14 ky phdp Ba Lan va ky phdp Ba
Lan ngwoc. Cac biéu thiuc dudi dang ky phap Ba Lan va ky phap Ba Lan nguoc 13 #6 rdng (khdng
mdp mo) Vi vay khéng can thém ngodc.

Vidu 3: Tim ky phdp Ba Lan va ky phdp Ba Lan nguwoc ciia hai biéu thirc A, B trong Vi du 2.
Gidi.
Ky phdp Ba Lan ciia biéu thire A, B la cdc biéu thire dang tién to:
fa,y)=4+"+xy2/—x43 ; fsgx,y) =+ +x*y2—-x/43
Ky phdp Ba Lan nguoc ciia biéu thire A, B la cdc biéu thirc dang hdu t6:
gaX, Y)=xy+2"x4-3/+; BXYy)=xy2* +x43/—+.

Trong dang tién té ta danh gia biéu thuc fir phdi sang trdi, khi gip mdt toan tir ta thuc hién phép
toan turong (mg véi hai toan hang di lién bén phai ctia toan tir ndy. Dé danh gia biéu thirc trong dang
héu 16, ta phai tién hanh tir #rdi sang phai va thyc hi€én mot phép toan moi khi c6 mot toan tir di sau
hai toan hang. (Mbi két qua cua phép toan vura thuc hién tiép tuc dugc coi nhu 1a mdt toan hang
moi).
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Vi du 4 : Tinh gid tri ciia biéu thirc tién t6 C va biéu thirc hgu té D sau: C=+" —5 4 2/
+243 ;D=31-2"24+4+3 %+ .

Gidi. C=(5-4)2+22=3; D=(3-12+(Q+4)*3=22.

4.2.2. Ung dung cdy vao mi héa thong tin — Thuit toan Huffman
Trong tin hoc, d& thiy 1a ta c6 thé biéu dién mdi chir cai trong Bang chit cai tiéng Anh bang mot xau
nhi phan do dai 5 (Vi chi c6 26 chir cai va co téi 2° =32 x4u nhi phan d6 dai 5) ; hoac bé‘lng mot Xau
nhi phan c6 d6 dai khong qua 4 (Vi c6 t6i 21 + 22 + 23 + 24 = 29 xau nhj phan kiéu nay).

Dinh nghia 1: Mot cach ma hoda goi la ma tién to néu xau nhi phan ing vo1 mdt chir cai nao do
khong phai 1a tién to (phan dau) ctia xau nhi phan img vé1 mot chir cai khac.

Vidu I: Trong cac so do md sau .

Chir cai A E T S
Ma Ty 11 00 10 01
Ma T, 0 1 01 001

Ma T1 la mot ma tién t6, ma T khong phai la mot ma tién to.

Péi véi ma T, tir TEAS dwoc ma béi xdu nhi phdn 10001101. Va nguwoc lai, xau 10001101 chi la ma
cua tiw TEAS.

Déi v6i ma T2 , tir TEAS ¢ mé la 0110001 Nhung nguoc lai, xau 0110001 co thé 1a md ciia cde tir
AEEAS ; AEEAAT ; AEEAAAE (giai ma khong duy nhdt).

Chii y:

(1) Déi véi cac ma tién td, mdi tir duge mad hoa bai mot xau nhi phan va nguoc lai mdi xau nhi
phan 1a ma cua dung mot tir duy nhat.

(2) Cac ma tién té co thé biéu dién bang mot cay nhi phan (con goi 1a cdy md) tuong tmg nhu
Sau :

- Cac chir cai la nhan cia cac la trén cay. Cac canh duoc gan nhan la 0 hoac 1.

- Xau nhi phan ma hoa cho mét chit 1 ddy cdc nhan ciia cdc canh trén duong di tir géc dén 14
c6 nhan la chit cai nay.

(3) Bé kiém tra mot cach ma c6 phai ma tién t6 hay khong, can biéu dién mi d6 thanh cdy nhi
phan. Néu ton tai dinh trong cé nhin Ia chit cai thi d6 khong phai 1a ma tién td.

(4) PBé giai md mot xau nhi phan thi ta dung diy cac bit dé tao thanh duong di bat dau tir gbc,
khi gap 1a thi két thuc va bat dau duong di méi ciing tir goc.
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Vi du 2: Cdy nhi phdn biéu dién cdc ma Ty va T nhir sau.

i)

Hinh 4.7. Cay nhi phan biéu dién cho mi T; va To.
Dé gidi ma xdu nhi phan 1000110100 béi ma Ty, ta tim dwong di bat dau tir goc ciia T1 => TEASE.
Giai ma xau 1000110100 boi ma T, twong tw ta duoc cdac tw EAAAEEAEAA ; EAATETAA ; ...

Dinh nghia 2: Ma tién t6 T cta bang chir cai X goi 1a ma tién t6 toi wu dbi véi ban tin Y néu sb bit
ding dé ma hoa ban tin d6 13 it nhat.

Vidu 3. Cho bdng chit cai X = {a ;b ;e ;f;i;l;0;r;t;u;y}vahai ma tien té ciia X :

Ma a b e f i I 0 r t u y
T, | 0000 | 00010 | 00011 | 0010 | 0011 | 010 011 10 110 | 1110 | 1111

Ma a b e f i I 0 r t u y
T, | 0000 | 0001 | 0010 | 0O11 | 010 | 0110 | 0111 | 1000 | 1001 | 101 110

Tinh s6 bit can ding dé ma héa ban tin Y = “You are beautiful ”.

Giai.

Tan suat cac chir cdi trong ban tin Y la:

Chir cai a b e f [ I 0 r t u y

Tan sudt 2 1 2 1 1 1 1 1 1 3 i]

S6 bit can ding dé ma héa ban tin Y:
Doi v6i md Ty la : Ny =8.4+3.5+3.3+2 = 58 (bit)

Péi véi ma Ty la : Np= 10.4+5.3 = 55 (bit).
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Thudt todn Huffman (xdc dinh mi tién t6 téi wu ciia bang chir cdi X doi véi bén tin Y):

(1) : Coi mdi chir cai x; €X 1a mot 1a va mbi 14 co kém theo mot nhan f(x;) 1a tan suat coa ki tu

do.

(2) : Sap xép céc 1a theo thir ty co tan suat khong giam: f(x1)< f(x2) < ... < f(x,) Nbi hai 14 ¢6 tan

suat nho nhat x;, X, ta duoc dinh trong yi, ¢6 nhan 1a f(y;) = f(x1) + f(x2).

(3) : Coi y; 14 14 (b6 di hai chit cai X1, X2). Lap lai buéc 2. Cr nhu vAy cho dén khi cac 1a dugc
ghép hét.

Tir cay ma Huffman thu duoc, suy ra bang ma toi uu can tim.

Vi du 4: Tim md tién t6 t6i wu cho tdp ki tw X d6i véi ban tin Y = “You are beautiful” trong Vi du 1.

Gidai.

Sdp xép cdc chit cdi trong tdp ki tw X theo tan sudt tang ddn

Lap 1

Chir cai b i r y u

Tansuat | 1 1 1 1 1 1 3
Ghép b va f duoc dinh trong y;1 (2).
Lap 2: Ghép i va |l duoc dinh trong y; (2). Lap 7 : Ghép ys va y4 dwoc dinh trong y7 (4).
Lap 3: Ghép o va r duoc dinh trong y3 (2). Lap 8 : Ghép u va ys duoc dinh trong yg (7).
Lap 4: Ghép t va y dwoc dinh trong y4 (2). Lap 9 :
Lap 5 : Ghép a va e dwoc dinh trong ys (4) Chir cai Y6 y7 Vs

Tan sudt 4 4 7
Lap 6.
Ghép ys va y7 dwoc dinh trong ys (8).
Chircdai | Y1 Y2 Y3 Ya Ys
Tan suat | 2 2 2 2 4 Lap 10 : Ghép ys va yg duwoc dinh trong yio (15).

Ghép y1 va y, dwoc dinh trong ye (4).
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Hinh 4.8. Cy nhi phéan biéu dién ma tién t6 t6i wu ciia bang chir cai X.

Vay ma tién to toi wu can tim la:

Chir cai

a

b

e

f

0]

r

Ma toi vu

100

0000

101

0001

0010

0011

0100

0101

0110

11

0111

(S6 bit can ding dé md héa ban tin Y la N3 = 8.4 + 4.3 + 3.3 = 53 bit).

4.3

43.1

Dinh nghia.

CAY KHUNG CUA PO THI

Cho dd thi vé hudéng G = (X, U) ¢6 n dinh (n = 2). D6 thi T goi 1a mot cdy khung cua G néu T 1a

mot cay va T 1a dd thi bd phan cua G.

Nhin xét: Do thi T = (E, V) 1a mot cay khung cua dd thi G = (X, U) thi T lién théng, khong cé chu

trinh, co6 n dinh va c6 n — 1 canh (tic 1a N(E) = N(X) va N(V) =n —1).

Dinh Iy: Diéu kién can va du dé dd thi G c6 cay khung 1a G lién thong.

Vidu :
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. ' —
\ ,
X / /
S N /! c C,’,
cé——d ¢ dev cf—vd v——ad V—ad
(S6 dinh n = 4) G T; 73 T3 Ty

Hinh 4.9. Cac ciy khung Ty, T, , T3 va T, ciia dé thi G.
4.3.2 Cac thuit toan xdy dung cAy khung ciia dd thi.
Thudt todn tim kiém wu tién chiéu sau.

(1) : Chon mét dinh tuy ¥ 1am géc cua cay.

(2) : Tir dinh vira chon, xay dung mot dudng di bang cach ghép 1an luot cac canh mai ndi tiép
cac canh trude do, sao cho khong tao thanh chu trinh (Canh ghép thém phai véi tdi cac dinh
mai).

(3) : Néu duong di vira lap da di qua tat ca cac dinh cua G (hodc di du n — 1 canh) thi ta dugc
cdy khung can tim.

Nguoc lai, néu duong di nay chua di qua moi dinh ctia G thi tir dinh cudi cung cta duong di nay,
quay lai dinh trudc no6 va lap lai bude (2).

Thudt todn tim kiém wu tién chiéu réng.
(1) : Chon mét dinh tuy ¥ 1am gdc cua cdy, ghép tat ca cac canh ké véi goc ta duoc dinh muc 1.
(2) : Tir mdi dinh mirc k, ghép tat ca cac canh ké véi dinh nay sao cho khong tao thanh chu trinh,
ta dugc dinh mac k + 1.

Lap lai (2). Thuat toan dimg khi tat ca cac dinh dugc ghép vao cay (hodc da ghép da n — 1 canh)

Vidy 1: Tim cdy khung ciia G theo thudt todn tim kiém wu tién chiéu sdu va chiéu rong?

Hinh 4.10. Tim kiém ciy khung ciia G.
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Giai. n =13. Cay khung cua G co 12 canh.
- Theo thudt todn tim kiém wu tién chiéu séu:

{ Chon a lam goc (da ghép du 12 canh).

Ttra coduwong di < a;c; k;n;0,m; h;i;9;f;e;d; b >

Cady khung tim duoc theo thudt toan nay la Ty (Hinh 4.11).

Hinh 4.11. Cay khung tim dwoc theo thuit to4n tim kiém wu tién chiéu siu, chiéu rong.

- Theo thudt todn tim kiém wu tién chiéu rong:
Chon dinh a lam g6c  (mic 0)
{ Céac dinh mtrc 1 ké v&i g6c a la: b, ¢, k.
Cac dinh m&c 2 ké véi dinh b la: d, e; dinh mttc 2 ké véi k la: m,n , o.
Cac dinh m&c 3 ké voi e la: f,g; ké m la: h; ké o la: i.
(Pa ghép du n-1 canh).
Cay khung tim dwoc theo thudt toan nay T, (Hinh 4.11).

Vidu 2: Tim cdy khung cua do thi G cho béi ma tran ke:

a b ¢ d e
a[01010]
A-b |1 01 1 1
clo 10 0 1|
d[11000J
e lp 1100

Giai. n= 5. Cdy khung cua G co 4 canh,
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v" Theo thugt todn tim kiém wu tién chiéu sdu:
- Chon a lam géc.

- Twr a co duong di <a; b; c; e>.

- Quay lai b co duong di <b, d>.

Da chon du 4 canh, ta duoc cdy khung T1

Hinh 4.12a. Cay khung T;.

4.3.3

[
Minne
apolis

1306 2161

‘um
. 1225 @
19 3las
Vegas 1258
3 1983

629

435
4 Lag
Angeles

1532

v’ Theo thugt toan tim kiém wu tién chiéu
rong:

- Chon a lam géc (mikc 0).
- Dinh mirc 1 ké géc ala: b;d.
- Pinh mirc 2ké bla: c; e.

Da du 5 dinh, ta duoc cdy khung To.

a b £

d e

Hinh 4.12b. Cay khung T,.

Cay khung nhé nhit cia do thi c6 trong sb.

10
Boston
1613
G L. &
338
725

2113
2145

Hinh 4.13. So’ d6 cac thanh phé 16m ciia My véi cac dinh la cac thanh phd, trong sb ciia cac canh la
khoing cach giira cac thanh phé.

bo thi m6 hinh cac thanh phé trén Hinh 4.13 1a mot dd thi c6 trong $6.
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Dinh nghia: Cho d6 thi vo hudng lién thong G=(X,U). Mdi canh ueU duogc gan mot trong s6 1a 1(u)
voi I(u)=0. Cay khung Ty cua G goi 1a cdy khung nhé nhdat (CKNN) néu tong trong sb cac canh cia
né dat gia tri nhod nhat.

Noi cach khac, goi S(G) 1a tap tt ca cac cay khung cta G, voi mdi cdy khung T = (X, V) € S(G), ki
hiéu: I(T) = Yyey L(v) thé thi, Ty 1a cy khung nho nhat cua G néu I(To) = minzes gy I(T).

C6 nhiéu bai toan dan t6i viéc tim cdy khung nho nhit ctia d6 thi. Chiang han nhu, xay dung mot hé
thong duong day tai dién tir nha may dién dén cac noi tiéu thu; ndi cac may tinh trong mot mang;
xay dung hé théng duong sit; ...; sao cho chi phi nho nhat.

Thudgt todn Kruskal: Thuat toan Kruskal tim cAy khung nho nhat dya trén nguyén tac: Chon lan luot
dun-—1canh béng cach mdi 1an chon thém mot canh cé trong s6 nho nhét, trong s6 cac canh con lai
chua duogc chon cua G, sao cho cac canh da chon khong tao thanh chu trinh. M6 ta nhu sau:

(1) : Sap xép tap canh U cua G theo thi ty trong s6 khong giam: 1(uy) < 1(u,) < -+ < 1(Uyy,)
(2) : Chon lan luot cac canh cua day trén sao cho cac canh da chon khong tao thanh chu trinh.
Dung khi chon @i n — 1 canh.

Thudt todn Prim: Thuat toan Prim tim cdy khung nhé nhat duwa trén nguyén tic: Tir mot dinh tuy
cia G, chon lan luot da n — 1 canh béng cach mdi 1an thém mdt canh ké cé trong s6 nhé nhat (trong
sO tat ca cac canh ké véi cac dinh da duoc chon) sao cho cac canh da chon khong tao thanh chu
trinh. Mo ta nhu sau:

(1) : Chon mét dinh tuy ¥ 1am gdc. Goi Y = Tap dinh da chon.
(2) : Goi K = Tap cac canh ké véi cac dinh da chon, ma dinh kia & Y.

Goi Vo 1a canh ¢6 trong so nhé nhdt trong cac canh ké thudc K, tirc 1(Vo) = miny,ex [(w).

Gia st Vo = (Yo, Z0) VOi Yo €Y, o€ Y. Khi d6: v la canh tiép theo dugc chonva Y :=Y U{z}.
(3) : Lap lai B2. Dung khi Y = X.

Vi du 1 Tim CKNN ciia dé thi sau:

Hinh 4.14. Tim cAy khung nhé nhit ciia d6 thi G.
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Gidi.

Con = 7. Cay khung cua G co 6 canh. Theo thuat toan Kruskal:

TT | Trongsé | Budc chon | Dinh di chon Cay khung nhé nhat
1| 1=(ad) 1 a; d
2 | 1=(g,h) 2 g; h 2 )
3 | 2=(cd) 3 c ! Q
4| 2=(ab) 4 b C\
5| 3=(bd) -- "
6 | 4=(ac) - @ d
7 | 4=(d,h) 5 . 6
8 o= (C1g) -
9 | 6=(eh) 6 e @ 1 h
10| 7=(de) -
11 | 8=(d,g) - To
12 | 10 =(b.e) - Trong sé ciia CKNN la: I(Ty) = 16.
Theo thuat toan Prim:
TT | Cdc canhké | Canhké | Dinhda Cady khung nho nhat
nhé nhat chon
0 a )
1 (ad)=1 (ad)=1 d a @
2 (ab)y=2 (ab)=2 b 1
(dc)=2... Cj\
3| @de)=2 | (do)=2 c @ ? J
(b,e) = 10...
41 (cg=5 | (dh=4 h : y
(dh) =4... \
5| (hg=1 | (hg=1 g @ n
(cg) =35..
6 | (he) =6... (h,e) =6 e To
Trong s6 ciia CKNN la: I(To) = 16.

Vi du 2: Tim cdy khung nhé nhat ciia dé thi ¢é ma trén ké trong s6 la :
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A B C D E F G H

o 15 16 19 23 20 32 18]
15 o 33 13 34 19 20 12
16 33 o 13 29 21 20 19
19 13 13 o 22 30 21 11
23 34 29 22 o 34 23 21
20 19 21 30 34 o 17 18
32 20 20 21 23 17 o 14
118 12 19 11 21 18 14 ool

T OO >

Giai. n = 8 (dinh) => cdy khung co 7 canh.

Xét nira ma tran duoi cua A. (Luu y: Danh déu cdc canh da chon va xéa canh dé khong tao thanh
chu trinh, tirc la néu da chon 2 canh (i,k) va (k,s) thi phdi xéa (i,s).)

Thudt toan Kruskal:
TT A |B C D |E F G Canh Canh xoa
chon
B 15 (E)
C |16 33 (D —2H (HY
3/ 1 N
D 19| 13 | 13 B S ‘
(o) 0 )
E 23|34 | 29 | 22 / /
J 17
F |20 19 | 21 | 30 | 34 (1) (F)
G 3220 | 20 | 21 | 23 | 17 .
Cay khung nho nhat Ty
H 18| 12 |19 | 11 | 21 | 18 | 14
Trong | 15| 12 | 13 | 11 | 21 | 17 | 14 | DH (11)
s6 21 BH (12) BD
nho 19 DC (13) CH, CB
nhat 19 | 20 GH (14) GB, GD, GC
trén 19 | 21 | 22 o | AB (15) AH, AD, AC, AG
ting | 20 GF (17) FA, FB, FC, FD, FH
cot [ 23] 34 | 29 o EH (21) Vay: |(To) = 103
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Thudt toan Prim:

TT A|B|C|D|E|F|G|H Canh DPinh Canh xoa
chon chon
B 15 (z)
c |16/|33 £5 7 H/
D 19 | 13 | 13 /\
E 23(34|29 | 22 > (gw )
F 20|19 |21 (30|34
G 32|20|20 |21 23|17 / /
H 18 |12 |19 |11 |21 |18 |14 | o @ O
Khoi tao A
15 AB=15| B
Trong |16 | 12 BH=12| H HA
sonho |16 13 11| HD=11| D DB, DA
nhatké [ 16 | 19 13 14| DC=13| C CA, CB, CH
voi dinh [ 2019 20 | 21 14| HG=14| G GA, GB, GC, GD
dachon | 201921 22 17 [ 18| GF=17| F FA, FB, FC, FD, FH
23[34] 29 22 34[23|21|HE=21| E Vay: I(To) = 103

BAI TAP CHUONG 4

4.1. Trong cac d thi sau do thi ndo 1a cay? Cay nhi phan? Xac dinh s 14 va chiéu cao cua cac cay

d6?
(1)
¢ © &
@ ORI D
@ @
a) b) ©
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d) ® e)

4.2. Cay tam phan ddy dil c6 chiéu cao 3 c¢6 nhiéu nhat bao nhiéu 14? V& cdy tam phan can d6i c6
chiéu cao 3 va c¢6 20 14? V& cay nhi phan c6 10 14 vai chiéu cao thap nhat?

4.3. Hay xac dinh thtr ty ma cac dinh duoc viéng thim cua cdy co gdc sau, néu ta duyét nd theo
thuat toan tién thir tu, hau thir tu va trung tht tu.

a)

c)

4.4. V& cay c6 gbc biéu didn cac biéu thirc sau:

a) vx2+3x—5+ 36. c) a®+ b3+ c3—3abc
b) |x3 — 6xyl +529;2:L1x. d) (a=b)(b—-c)(c—a)
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4.5. Hay biéu dién cac biéu thiic trong Bai 4.4 trén theo ky phap Ba Lan va ky phap Ba Lan nguoc?

4.6. Tinh gia tri cua biéu thic c6 dang tién té hoic dang hau té sau:
8 — ++347~-543\15 —23. C) 138 — 5+ 2 « 40 2\ 3 * +
b) —+\—=+v 81 32+%752% 421 d 432\+8=x 2=«

4.7.Chotapkitu X ={a; e; h; I; m; o; u; r; s; t; y}.

a) Tim mot ma tién t6 cua X.

b) Tim ma tién té tdi vu cua X cho ban tin Y = “You are my heart you are my soul”.
¢) Xac dinh mi ctia ban tin Y d6i véi ca hai ma tim dugc trong cau a va cau b.

4.8. Can phai can it nhat bao nhiéu 1an bang mot chiéc can hai dia dé tim dong xu gia trong 8 dong
xu. Biét rang ddng xu gia c6 trong lugng nhe hon dong xu that. Mé ta 1oi giai bai toan bang cay
quyét dinh.

4.9. Tim cay khung cta cac d6 thi sau: Theo thuat toan tim kiém uu tién chiéu sau va tim kiém vu
tién chiéu rong.

L C F
a) ne od P b) 4 3 C) F

4.10. Tim cay khung cua cac d6 thi cho boi ma tran ké sau: Theo thuat toan tim kiém wu tién
chiéu sau va tim kiém wu tién chiéu rong.

a

_ o
oOrRr o

cCcoococOoORROROoOOo O™
m o000 O0CO0oOORRoOCcoo®
_ O O0OROO0OOROOOCOO >
OR R R OO0 OOROR X
oCrocoorrooocooCoOo s
CRrOOCRrROOCOOOOOO g
RORRPRROOODODOO OO 4
OR OO RRPROOOODDOO o

cCcoocoRrRocOooCcoOoOOoCoCcoRr D
cCcoOo0co0CCcCOoORRORORoO®

~ 03I I F>QHo Qan TQ
T -l
CoocoORrROoOOCOOOR R
cCoococococoOoRrRRO
cCoococococooR"
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4.11. Tim cay khung nho nhit cua cac do thi sau: Theo thuat toan Kruskal va thuét toan Prim.

4.12. Hay xay dung mot hé thong duong day tai dién tir nha may dién dat tai Los Angeles dén tat
ca cac thanh phé 1on khac trén so do trong Hinh 4.13, sao cho chi phi dudng day 1a nho nhit.

4.13. Tim cdy khung nho nhat cia cac db thi cho bai ma tran ké sau: Theo thuat toan Kruskal va
thuat toan Prim.

1 2 3 4 5 6
a b ¢ d e
@ 1. 3 @ 3 17 1 7. 5 7 9 12 15]
A)A=_ | : | bha=3 17 8 - 9 7 3]
c loo 5 . 2 o | 9 I
| | 4 19 10 . 12 9
d 13 2 2 2 | 7 . |
[1 Y . | 5 l12 13 12 18J
€ - 6 l14 17 3 o9 18
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Chuong 5.

MOT SO BAI TOAN TOI UU TREN PO THI
Muc tiéu: Nguoi hoc xac dinh dugc duong di ngan nhét trén do thi, tdm va ban kinh cua d6 thi.
Nguoi hoc xac dinh dugc ludng cuc dai va lat cit hep nhat caa mot mang van tai G cho trudc.
Nguoi hoc xac dinh dugc hanh trinh theo tht ty nhu thé nao dé chi phi 1a nhé nhat trong Bai toan du
lich.

5.1.  BAI TOAN PUONG PI NGAN NHAT TREN PO THI

@N}s& Hoa )
.. ABéboi

R fﬂé&ij‘*@ gom Qudn com

Cita Hioom  “—E TS @ Thue vign
- i l"’-\ .'I- ,'I J F{:)\:b\
hﬂng_/ ; A ."Il.": w Ib‘l -"""—'f.__j_-‘??‘;:"hl‘]_ .
Bl %\A _ 200m ) i_;l J, ; a!-_;'—a..f'-/
ngot 12081 @ {fi'a’ Buru é’!?i#.f 30m =]
i aru H180m
AT 150m e 5m

r

W ==yl —I-”f o Sdr v
S e
I A Crea hdang sach

Hinh 5.1. So' @6 mét khu dan cu.

Nhiéu bai toan c6 thé mo hinh bang dd thi c6 trong sb. Ciing nhu, trudec mdi chuyén di, ching ta
thuong phai suy nghi va chon cho minh mét hanh trinh “tiét kiém” nhat theo nghia tén it thoi gian
nhat, ton it nhién li¢u nhat hogc ton it tién nhét, ....

Bii todn: Cho d6 thi co trong s6 G = (X, U), mdi canh (cung) U€U cé trong s6 I(u) > 0. Hay tim
duong di ngan nhat tir dinh X cho trude dén moi dinh khac cua G.

Lueu y: Puong di tir dinh x dén y goi 1a dudng di ngan nhat néu tong trong s6 cua cac canh (cung)
trén duong di nay 1a nho nhat.

Néu trong s6 ctia cac canh (cung) trén dd thi déu bang nhau thi ta coi d6 thi khong c6 trong sd. Luc
d6, duong di tir x dén y 1a ngan nhét néu tong sb cac canh (cung) trén duong di nay 1a it nhat.

5.1.1.  Pwong di ngan nhit trén dé thi khong c6 trong so.
Truong hop G 13 do thi vé hwéng, thi thuat toan xay dung cay khung ctia G theo hudng fim kiém weu

tién chiéu rong cho mot 101 gidi cia bai toan nay.
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Thuét toan sau day cho 101 giai ctia bai toan trong ca truong hop G 13 do thi c6 huwdng. Thuat toan
nay dya trén quy tic tao nhin cho mdi dinh. Dinh y c6 nhin 14 k thi dudng di ngén nhit tir x dén y ¢6
d6 dai bang k. Thuat toan gdm hai budc, mé ta cu thé nhu sau:

(1) (Gdn nhén cho cdc dinh cia do thi - xdy dung cdc tdp dinh A(K)):
- Dinh xuét phat x c6 nhan 13 0. Goi A(k) = Tap tat ca cac dinh c6 nhén 1a k.
ké véi dinh y c6 nhan la k

- Moidinhz { va chwa dwoc gan nhan

thi dugc gan nhan lak + 1.

Hay néi cich khic, Ak+1)={ze€ X |(z & 4;,Vi=0,k)va 3Ty € 4;: (y,2) € U)}.
(2) (Xdc dinh dwong di ngan nhat tir cdc tap dinh AKK)):

Puong di ngan nhét tir dinh x dén dinh y €A(K) c6 d6 dai bang k. Puong di duoc tim nguoc lai tir
dinh yy.1 € A(k-1), k& véi dinh y.

DPuong di d6 1a <x; y1; ¥2; ... ; Yka; y> trong d6 YEA(K), YkaEA(K-1), ..., y1EA(L), XEA(O).

Luu y: Néu dinh z khong duge gan nhén, tic 1a x va z khong lién thong thi ta coi do dai duong di tir
X dén z 13 oo,

Vi du: Tim dwong di ngdn nhat tir dinh A dén dinh cdc dinh con lai ciia G trong do thi dwdi day.

Gidai. Ta co
A(0) = {A}
A(l)={B; D}

A(2)={C;E;H}

AR) = {F;J: I}

A(4) = {G} Hinh 5.2. Pd thi G.

Vay dwong di ngdn nhat tir A dén cac dinh con lai ciia G la -

Dinh
Yudt B D C E H F J I G
phat A
Duong
di AB=1| AD=1 | ABC=2 | ABE=2 | ADH=2 | ABCF=3 | ABCJ=3 | ADHI=3 | ABCJG=4
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5.1.2.  Thuit toan DIJKSTRA tim dwong di ngan nhit trén dé thi cé trong s6 khong am.

Thuét toan dua trén quy tac: Tao nhin cho mdi dinh. Mdi dinh'y €X c6 hai nhin t(y) va m(y), véi :
- Nhan t(y) 1a dinh lién trueéc y trén duong di ngan nhét tir x dén y.
- Nhian m(y) 1a trong s6 cua dinhy, dugc xac dinh bang téng trong sé ciia cdc canh (cung) trén

duong di ngan nhat tir x d&én y.

Thudt todn Dijkstra gdm hai budc mo ta nhu sau

(1) : (Khgi tao - Gan nhan tam thoi):
- Pinh xuat phat xim(x) = 0, t(x) = x].
- Moi dinh y khac x thi y[m(y) = oo, t(y) = x].
Pit S = X (1a tap tat ca cac dinh c6 nhdn chua cd dinh).
(2) : (Lap - Cé dinh nhan cho dinh yo c6 trong s6 nhé nhdt, va khoi tao lai nhan cho cac dinh ké
Vai Yo):
- Néu m(yo) = min,cs{m(y)} thi S := S\{yo}.
- Néu z€S ma (Yo, z) €U va m(yo) + I(yo, 2) < m(z) thi m(z) = m(yo) + I(yo, 2) va t(z) = Yo.
Lap lai budce (2), thuét toan dirng khi S = @.
Puong di ngin nhét duoc tim nguoc lai tir dinh k& 1ién trude t(y).

Vidul: 2
Tim dwong di ngdn nhat tir dinh X dén tdt cd cdc X3
dinh con lai cia do thi sau : 4 3 s
a3 ¥ 12 .
4
4 5 X7 5 £
11
X X6
Hinh 5.3. D6 thi G.
Gidi. Ap dung thudt todn Dijkstra, két qud gan nhén cho cac dinh dwoc tom tat qua bang sau:
Buwoc ldp X1 X2 X3 X4 Xs5 X6 X7 Xg Pinh Cé dmh
Khoitao | 0, X1 00, X1 | ©0,X; | ©0,X; 00, X1 00, X7 | 00, X1 | o0, X1 X1
1 - 4, x4 11, X1 2, X1 X7
2 - 4, X1 7, X7 9, X7 - 3, X7 Xs
3 - 4, X1 6, Xs 7, X7 15, Xg 9, X7 - - X2
4 - - 6, Xg 7, X7 15, Xg 9, X7 - - X3
5 - - - 7, X7 15, Xg 9, X7UX3 - - X4
6 - - - - 14, X4 | 9, X7UX3 - - Xs
7 - - - - 12, X - - - X5
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Vady, dwong di ngdn nhat tir x1 dén cac dinh con lai cia G la:

Pinh xudt
p hat x, X7 X8 X2 X3 X4 X6 X5
X1X7=2 | X1X7Xg=3 | X1X2=4 | X1X7XgX3=6 | X1X7X4=7 X1X7Xg= X1X7XgX5=
Du"d’ng di X1X7XgX3Xe=9 | X1X7XgX3XgXs=12

Vi du 2: Tim dwong di ngdn nhat tir dinh A dén dinh cdc dinh con lai ciia G.

Giai.
Buoc lap A B C D E F G H I J Binh cé dinh
Khoitao | 0,A | ©0o,A | ©A | ©0,A | ©0A |©0A | 0A|0A | 0A | oA A
1 - 12,A 5A | 7A D
2 - 12,A - 7,A 11,D E
3 - 12,A - - 8,E 11,D F
4 - 10,F - - - 11,D | 14,F B
5 - - | 17B| - - - 11,D | 14,F H
6 - - | 17B| - - - - | 14F I
7 - - | 17B| - - - - - C
8 - - - - - - - - | 19C J
9 - - - - - - 213 | - - - G
Vay dwong di ngdn nhdt tir A dén cdc dinh khéc ciia do thi la:
Pinh xudt
phat A D E F B H I C J G
AD=5 | AE=7 | AEF | AEFB | ADH | AEFI | AEFBC | AEFBCJ | AEFBCJG
Duong di =8 | =10 | =11 | =14 =17 =19 =21
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5.1.3.  Tam va ban kinh ciia do thi vé huéng c¢é trong s6 khong am
Cho db thi vo hudng co trong s6 G = (X, U). Ki hiéu: d(x,y) 1a do dai duong di ngan nhat tir X dén y.
Quy wéc: d(x,x) = 0, d(x,y) = o néu X, y khong lién thong.
Dinh nghia:

(1) bai lugng d(x,y) con goi la khodng cdch hay do léch gia hai dinh X, y.

(2) ¢ léch cua dinh x 1a khoang cach 16n nhat tir x dén mot dinh trong do thi, ki hiéu 1a a(x).
Hay no6i cach khac: a(x) = max,ex{d(x,y}.

(3) Tém cua do thi G, ki hiéu Xo, 1a dinh c6 do léch bé nhat trén G. Hay a(x,) = min,ex{a(x)}.

(4) Bdn kinh ciia dé thi, ki hiéu 1a r(G), 1a do léch tai tam Xo ctia G (ttrc 1a d6 léch bé nhat trén tat
ca cac dinh).
Nhu vay, néu Xo 1a tdm cua G thi r(G) = a(x,) < a(x),Vx € X.

(5) Pinh ria 1a nhitng dinh cach tim mot khoang diing bang ban kinh.
Hay noi cach khac, néu xo 1a tdm cua G thi z 1a dinh ria ¢ d(Xo,2) = r(G) (= a(Xo)).

(6) Puong kinh ciia G, ki hiéu 1a d(G), 1a khoang cach dai nhat giira cac cip dinh trong d6 thi.
Hay noi cach khéc, d(G) = max, ,ex{d(x,y)} = max,ex a(x).

Quy wéc: Néu G co dinh co 1ap thi G khong co tdm vi a(Xg) = o0 voi Vx, € X.

Y nghia hinh hoc ciia tim cia dé thi : Néu vé mot vong tron c6 tim va ban kinh nhu dinh nghia thi
tat ca cac dinh ctia do thi s& ndm trong vong tron nay.

Vidu I: Xac dinh tdm, ban kinh, dinh ria, dwong kinh cua do thi sau:

a 3 b Gidi. Ap dung thudt todn Dijkstra véi méi dinh lan lwot la dinh xudt phat.
4 5
I3 , 2 7 >c¢ Co:a(@ =5, a(c)=5,alb) =4, a(d) =3, a(e) = 4.
¢ d Tam la dinh d, ban kinh v(G)= 3, dinh ria la dinh a, dwong kinh la d(G)= 5.

Hinh 5.5. P thi G
Cach khac dé tim tam ciia G 14 ap dung thuét toan sau:

Thudt todn Floyd (fim dwong di ngin nhdt giia tit ca cdc cip dinh): Thuat todn cho phép xac
dinh ma tran D goi la ma trdn khodng cach gitta cac cap dinh, nhu sau:

(1) : Gia st cac dinh duoc danh sb tir 1 dén n. Bat DY := A 1a ma tran trong sé cua G.

DW/ij] = dé dai dwong di tir dinh i dén dinhj.

: (Lap) O budc thir > 2), ma tran DY véi cac phan tir i,j] xac dinh theo cong thuc:
2) : (Lap) O budc thir k (k > 2 D% phan tr D®[i, j] xac dinh th g th
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DT, j1 = miny <<, {D*V[i, jl; D*~V[i,s] + D&=D[s, j1}.
Thuat toan dung khi k = n.
Két luan: D = D™. Va Dfij] = dg dai duong di ngdn nhdt tir dinh i dén dinh .

Thugt todn tim tam cia dé thi gdm cac budc nhu sau:
(1) : Dung thuat toan Floyd dé tinh ma tran khoang cach gitra cac cap dinh D.
(2) : Tim gi4 tri 16n nhat trén mdi hang (cot), cho ta do léch caa dinh tuwong tng.

(3) : Pinh véi d6 léch bé nhat chinh 13 tim cta do thi.

Vi du 2: Ma trdn ké trong 6 ciia do thi G trong Hinh 5.5 la:

a b ¢ d e
a [O 3 o0 3 1]
L_b |3 0 5 2 3
“c loo 5 0 2 oo
d |3 2 2 0 2|
e L1 3 o 2 0J
a b ¢ d e Doléch

a [0 3 5 3 1] 5

=> Ma trdn khodngcdchgiﬁ“acdccdpd‘i’nhldD=IZ Ig 2 g é iI g

d |3 2202 3

e |-1 3 4 2 OJ 4

Vay d la tdm cua G, ban kinh rv(G) = 3, a la dinh ria, duong kinh cia G la 5 = d(a,c).

5.2. MANG VA LUONG.
5.2.1.  Cac dinh nghia.
Pinh nghia 1: Mang 1a mot dd thi ¢ hudéng G = (X,U) khong co khuyén, trong do:

(1) C6 duy nhat mot dinh khong ¢ cung di vao, goi 1a dinh phat, ki hidu Xo.

(2) Co duy nhit mot dinh khong ¢ cung di ra, goi 1a dinh thu, ki hiéu z.

(3) MGi cung ueU, duoc gan mot trong s6 khong am, ki hiéu c(u)=0, goi 1a kha ndng théng qua
Cua cung do.

Ki hi¢u: U~ (x) = Tap cac cung di vao dinh x ; U *(x) = Tap cic cung di ra tir dinh X.
Taco: U (X)) =0 ; U™ (2) = 0.
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Dinh nghia 2: Cho mang G = (X, U) c6 dinh phat xo, dinh thu z, va kha nang thong qua c(u), u € U.
(1) Mét luong @ trén mang G 1a mot ham s khong am xéac dinh trén U vao R™,
&:U - RY, ur— o(u)
(d(u) goi 1a gia tri ludng @ trén cung u), thoa man cac diéu kién sau:
(1) (Piéu Kién trén cung): Ludng trén mdi cung khong vuot qua kha ning thong qua trén cung:
0<®(u) <c(u), Vvu€eU.

(2) (Piéu kién cdn bang trén méi dinh): Tong gia tri cua ludng trén cac cung di vao mdi dinh
(trix Xo va z) = Tong gia tri cia ludng trén cac cung di ra dinh do:

Yueu-) PW) = Lpey+ @), Vx € X\{x,z}.
(2) Gid tri cua luéng @ trén G, ki hiéu 1a Val(®), duoc xac dinh nhu sau:
Val(®) = Tuev+ o @) hay Val(®) = Syey-) P0).

A , < y \ A , A A > _ ! A n AI = Q)
(3) Mot lat cat (4, A’) la mdt cach phan hoach tap dinh X = A U A’ sao cho {A Sxy;A 3z
Kha nang théng qua cua ldt cat (4, A°), ki hidu c(4, 4°): c(4,A") = Tu=(ey)xeayear (W)

Lat cat c6 kha nang thong qua nho nhat goi la ldz cdt hep nhat.

Vidul:

D6 thi ¢6 huéng G (Hinh 5.6) la mot
mang voi dinh phat xo, dinh thu z, kha
nang thong qua la trong so ghi trén
tirng cung.

Hinh 5.6. Mang G véi dinh phat X, va dinh thu z.

Vi du 2:
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(Ar={xo0;a;b}; A'1={c;d:e;f;g;z})

; Hinh 5.7b. Lat cit (A;;4%) tré :
Hinh 5.7a. Luong @ trén mang G inh 5.7b. LAt cit (As;A") trén mang G

Dé dang kiém tra thdy luong @ (gid tri luong trén timg cung la sé cho trong ngodc don bén dudi
méi cung) théa man diéu kién trén timg cung, chang han, 0 < @(f,z) = 12 < ¢(f,z) = 25. Va
théa man diéu kién cdn bdng tai  moi  dinh, chcfng han, xét tai dinh f:
Yuev-H) PW) = Ypeu+(n W) Vi Xyev-(p @) = @(a, f) + @(c, /) + @(d, f) = 0+12+0 =
125 Tyeu+(p) @) = O(f,b) + &(f,2) = 0+12 = 12,

Gid wri cua ludng @ trén Hinh 5.7a la Val(®) = Tyey+xg D) = @(xo,a) + D (xo, b) +
®(xp,¢) + ®(xg,d) = 10+10+8+14 = 42.

Trén Hinh 5.7b, phdn hoach (A1,A"1) la mot lat cdt cia mang G, voi A1 = {Xo;a;b} va A’1 = X\A; =
{c;d;e:f;0;z}. Kha nang théng qua cua ldt cdt nay la: c(A1,A’1) = c(a,e) + c(a,f) +c(b,e) + ¢(Xo,C) +
C(Xo,d) =10+ 4 + 15+ 9+ 20 = 58.
RO rang: Val(®) < c(A;47) .

5.2.2.  Bai toan ludng cuc dai. Thuat toan Ford — Fulkerson tim ludng cuc dai.
Bii todn: Cho mang G = (X, U). Hay tim ludng & trén mang G sao cho gia tri Val(®") 1a 16n nhit.

Lueu ¥ - Do diéu kién (1i) nén: Val(®) < c(4,4"),V(4,A") vave. Suy ra: Val(®)max = c(4, 4 )min -

Do vay mdt cach tim ludng cuc dai 1a liét ké tat ca cac lat cat trén mang G va tinh kha ning thong
qua cua cac lat cat nay dé tim 1at cat hep nhat. Tir d6 suy ra gia tri luong cuc dai.

Vidy 1 : Tim gid tri luong Ién nhat trén mang G sau -
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Hinh 5.8a. Mang G. Hinh 5.8b. Ludng cuc dai trén mang G.
Gidi. G ¢6 6 dinh véi dinh phat la a, dinh thu f. S6 lat cat trén mang G la 2* = 16 (lat cdp).
A= fa}, Ay ={b,cdeft =>c(A;;4"1)=15+4=19
A ={ab}, A5 ={cdeft =>c(A;4%) =12+4=16
As={ac}, A’3={b,def} =>c(As;4’3) =15+10=15
As={ad} 4 ,={bcef} =>c(AyA4’s) =15+4+3+7 =29
As={ae}, A5 ={b,cdf} =>c(As,4’5) =15+4 +5+10=34
As ={ab,ch A’s ={deft =>c(As;A%)=12+10=22
Ar=tabd) A7 ={ceft =>c(A7;4%7) =4+3+7=14
As={abel A’s ={cdf} =>c(As;A’%)=4+12+10 =26
A ={acdy A’ = {beft =>c(Ag;A%)=15+10+7 =32
A ={ace}, 4’11 ={b,df} =>c(Aw,;4"10) =15+5+10 =30
A ={ade} 4’11 ={b,cf} =>c(Au1,411) = 15+4 +3+7+5+10 = 45
A ={ab,cd} 4’12 ={ef} =>c(Ax;4'12) =10+7 =17
A3 ={ab,ce}, 413={d,f} =>c(A13,4"13) =12+10 =22
A ={ab,ed} 4’14 ={cf} =>c(A1s,;4"14) =4+3+7+10=24
Ais={ac,de}, 415 ={b,f} =>c(A5,4"16) = 15+7+10 = 32
A ={ab,cde} 416 ={f} =>c(A,4"6) =7+10=17
Vay : Val(@)max = ¢(Ai, A Dmin = ¢(A7 ;4 7) = 14. (Nhue trén Hinh 5.8b). (Luu y : gid tri luong cuc dai

trén cdc cung xuyén qua lat cdt bang khd nang thong qua ciia cic cung do .)
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Nguoc lai, néu biét luéng cuc dai trén G, ta c6 thé xac dinh lat cit hep nhat tir Thudt toan Ford —
Fulkerson. Trudc hét, ta xét cac khai niém sau :

Dinh nghia 1: Cho mang G va ludng @ trén mang G.

(1) Cung u€U goi 1a mdt cung bdo hoa (cung day) néu d(u) = c(u).

(2) Ludng @ goi la luong day néu moi duong di tir dinh phat X, dén dinh thu z déu chua it nhét
mot cung bao hoa.

(3) Puong di don a(Xo, z) tir dinh phat Xo dén dinh thu z goi 13 dwong ting luong néu trén o
khong c6 cung bao hoa.

Nhin xet 1:

(1) Néu @ chua day thi trén G c6 it nhat mot duong ting ludng a. Khi dé, ta co thé ting ludng &
thanh &, va&i Val(®1) = Val(®) + p nhu sau:
(1a) : Xac dinh lwong vat cht ting p = min,e, {c(w) — @ (w)}.
(1b) : Tang ludng: Gia tri ludng &; trén cac cung dugc xac dinh nhu sau:
®(u) néuu & «a
P:(0)= {dl(u) +énéuuca’
(2) Ludng @ trong G 1a ludng cuc dai thi @ 13 ludng day. Nguoc lai khong dung, tic 1a mot
ludng day chwa chic di 1a ludng cuc dai.

Vi du 2: Xét luong @ trén mang G trong Hinh 5.7a:

Puong di <xo, a, f, z> chinh la mét dwong tang luong. Lwong vit chdt tang trén dwong tang luong
nay la p; = minge, {15 — 10;4 — 0; 25 — 12)} = 4 . Cé : Val(®;) = Val(®) + p = 42 + 4 = 46.

Tang luong @ thanh @1 . Trén luong &y, duwong di <xo, d, f, z> ciing la mét dwong ting luong.
Liegng vt chdt tang trén dwong tang luong ndy la p, = minge,{20 — 14;7 — 0; 25 — 12 — 4)}=6 .

Tang luong ®y thanh luong ®s.

Liic nay luong ®, trén mang G la luong day
(Hinh 5.9).

Co: Val(®,) = Val(®y) + pp = 46 + 6 = 52.

Hinh 5.9. Ludng diy &, trén mang G.
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Dinh nghia 2: Cho mang G va ludng @ trén mang G.

(1) Mot dudng di don a(xo, Z) tir Xo dén z trong do thi vé hudng twong 1ng véi do thi cé huéng G
duoc goi 1a mot xich trong G.

(2) Trén xich a(xo, Z) ta goi cung cung chiéu véi dudng di tir Xo dén z 1a cung thugn, cung nguoc
chiéu 1a cung nghich.

(3) Xich a(xo, z) goi 1a xich tang luong (XTL) néu ludng trén cung thuan chua day, ludng trén
cung nghich duong.

®(u) < c(u) néuulacung thuin

Tac la: 1 xich tang luong < Yu € a thi o .
uc la: a(xo, 2) la xich tang luong UEat 1{ O(1) > 0 néu u 13 cung nghich

Vi du 3: Xét luong day @ trén mang G (Hinh 5.9) thi xich <xq, ¢, g, d, f, z> la mét xich tang luong.
Nhdn xét 2:

(1) Puong ting ludng ciing 1a mot xich tang ludng, gom toan cac cung thuan.
(2) Trén modi xich a(xo, z), ta danh nhan cho cac dinh ctia né nhur sau:
(2a) : Binh xuat phat X c6 nhan 1a 0.
(2b) : Gia sir X 1a dinh d c6 nhin va y 1a dinh chwa c6 nhin ké Vi X, trén xich a(Xo, 2).
Khi do6 dinh y c6 nhan la:
{y+ néu (x;, y) 1a cung thuin chwa day, tiec 12 @ (x, v) < c(xy,y)

v~ néu (y, x;) 1a cung nghich va luéng trén cung nay dwong, tirc 1a @(y, x;,) > 0.

(3) Xich a(xo, z) 1a mot xich ting ludng khi va chi khi moi dinh trén xich nay déu c6 nhin (hay
danh nhdn dwoc cho dinh z).

(4) Trén ludng cuc dai tim dwgc cua G. Goi Ag ld 1dp tat ca cdc dinh c6 thé danh nhan, A’y =
X|Ao. Khi d6 1at cét (Ao, A’o) la mét It cdt hep nhdt cua G.

Thudt todn Ford — Fulkerson tim ludng cuc dai gdm céc bude md ta nhu sau

(1) : Panh nhin cho cac dinh dé tim xich tang ludng a, xac dinh lugng vat chat tang:
p = min,,{m(w)}, véi m(u) xac dinh nhu sau:

c(u) — @(u) néuula cung thuin
m() = peus o
d(u) néu u la cung nghich
(2) : Tang ludng @ thanh &; véi Val(Py) = Val(P) + p nhu sau:
®(u) néucungu ¢ a
&, (u) = {P(w)+p néuu € avaulacungthuin.

®(u) —p néuu € avaulacung nghich
Lap lai (1) + (2) . Thuat toan dimg khi khong tim thay xich ting ludng (Hay khong danh nhan dugc
cho dinh thu z).
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Vi du 4:

Ap dung thudt todn Ford-Fulkerson, c6 thé tang luong @, (Hinh 5.9), Véi xich tang luong <Xo, ¢, 0,
d, f, z> , thém mét luong ps= min{9-8;4;14;7-6;25-22} = 1.

Khéng tim thdy xich tang luéng, ta cé Ao={xpa}; A'v={b,c.defgz}
luong cwe dai d3 (Hinh 5.10).
Co: Val(®3) = Val(ds3)+p3 = 52+1=53.

Theo Nhén xét (4), ta suy ra phan hoach
(Ao={x0,a} va A’ v={b,c,d,ef gz} la mot
lat cdt hep nhat trén mang G nay.

Co: C(Ao,A ’o) =53 = Va|(¢3).

Hinh 5.10. Ludng cwe dai @3 va lat ciit hep nhat.

Vi du 5: Cho luéng day @ trén mang G nhw sau:

Hinh 5.11. Ludng day & trén mang G.

Hay dap dung Thudt todn Ford-Fulkerson tim luong cue dai ®* tir luong ® trén mang nay.
Tir d6 xdc dinh mét lat cdt hep nhat ciia mang G.

Gigi. Val(®) = 8 + 12 + 10 = 30.
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Lap 1: XTL oy = < x0,xf, x5, xF, x5, 2% >,
p1 = min{12-8; 4-0; 18-10; 3; 20-12} = 3.
Val(®1) = Val(®) + p; = 33,

Liap 2: XTL ap =< x8,xi,x3, x5, xF,z% >,
p» = min{12-11; 4-3; 5, 12-2, 30-9} = 1.
Val(dy) = Val(®) + p = 34.

Lip 3: XTL a3 = < x0;x3;x);x3;2% >, p3
= min{20-12; 4;12-3; 30-10} = 4. Val(®3) =
Val(®,) + p3 = 38.

Lap 4: XTL oy = < x0; x5 x5, x5 x5z >,
pa = Min{20-16; 18-13; 3; 12-7; 30-13} = 3.
Val(®,) = Val(®3) + ps = 41.

Ldp 5: Khéng tim thdy xich ting luong. Viy
Val(®)max = 41.

Hinh 5.12. Ludng cuc dai @, trén mang G.
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Trén luong cuc dai @, (Hinh 5.12), danh nhan cho cdc dinh, ta ¢é tdp cdc dinh cé thé danh nhan la:
Ao={x3;x3;x3;x7} => A’ = X|Ao = {X4, Xs, Xe, X7, Z}).

Vay (Ao, A%) la mét lat cat hep nhdt ciia G. Kha ndng théng qua cia lat cdt nay la: ¢(do, A'g) =
C(XQ,X4)+ C(X1,X5)+ C(X2,X5)+ C(X3,X6)+ C(X3,X7) = 10+8+7+9+7 = 41.

Ar= {Xo;X1;X2;X5},
A= {X4;X5;X6:X7;2}

Hinh 5.12. Mét 1t ciit hep nhit trén mang G.

5.3.  BAI TOAN DU LICH.

Bai todn: C6 n thanh phé dugc danh sé tir 1 dén n. Chi phi di tir thanh phd i dén thanh phd j 1a c;; va
tir thanh phd j dén thanh phd i 1a cjj (Cij va Cji ¢6 thé khac nhau). Mot ngudi di tir mot thanh phd A
nao d6 dén tham n — 1 thanh phd con lai, mdi thanh phd dung mot 1an, rdi tré vé thanh phd xuat phat
A. Hiy tim mot hanh trinh du lich (m6t cach di thoa min cc diéu kién dat ra) dé tong chi phi 1a it
nhat.

Nhan xét 1:

(1) Mb hinh hoa bai toan trén bang d6 thi diy di c6 huéng G, hai chiéu, n dinh, c¢6 trong s6: mdi
thanh phd twong Gng véi mot dinh, méi cung ndi dinh i vai dinh j duoc gan mot trong sb 1a
Cij bang chi phi di tir thanh phd i dén thanh phd j.

Bai toan tim hanh trinh du lich véi tong chi phi it nhat trd thanh tim chu trinh Hamilton ngan nhat
trong G?

(2) Goi A 1a tap tat ca cde chu trinh Hamilton trong G (cling 14 tdp tdt cd cdc hanh trinh du lich
cua bai toan).
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Moi hed, dat f(h) = X jyencij » f(h) 1a d6 dai ciia chu trinh Hamilton h (ciing la téng chi phi cia

hanh trinh du lich h).

Ta can tim hy € 4 sao cho f(hg) = mingec,{f (h)}.

Ta goi f(h) 13 ham muc tiéu, va hy 1a mot phuong an tdi vu (PATU') caa bai toan du lich.

(3) bat M = (cj) 1a ma trgn chi phi cua bai toan du lich. Do h 1a chu trinh Hamilton nén f(h) =
tong ciia dung n phan tir trong d6 khong c6 hai phan tir nao thudc cing mot hang hoic mot
cot caa M, va ciing khong d6i xing nhau qua dudng chéo chinh cua M. Hon nita, néu trong
tong f(h) co hai phan tir ¢ va Cjs thi s& khong c6 phan tir Cys.

Vidul: Cho ma tran chi phi M :

1 2
1 [ 5
2 |18 .
M=3 |15 12
4 lg 18
5 110 12
6 l20 16

3 4
7 9
8 10
. 9
25

14 16
14 12

5
12

13
7
12
10

6
15
17
3
9
18

e e e e e e

Xét chu trinh Hamilton trén do thi G la : h = <1,3,2,5,6,4,1> . D¢ ddi ciia ciia chu trinh nay la f(h)

= Cy3 + Ca2 + Cp5 + Cg6 + Cgg + C41 = 7+12+13+18+12+8 = 70.

Nguroe lai, trén ma trdn chi phi M, chon dii n phan tir 520 cho théa man Nhdn xét 1y (3) & trén: tire
la sau khi chon phd‘n tur cij thi x6a hang i va cét j, va xoa phd‘n e cji; déng thoi néu da chon cik va cxs
thi xoa cis. Chcfng han trén M, chon dwoc n phdn tir {c12; Ca3; C3p; Ca1; Csa; Cesf, thi ta co chu trinh

Hamilton h; = <1,2,3,6,5,4,1> .

Do dai cua chu trinh hy la @ f(hy) = 5+8+3+1+16+10 = 43.

Dinh nghia: Goi M 1a ma tran chi phi cta bai toan du lich.

(1) Phép rit gon mét hang (cot) cua M 1a phép trir tat ca cac phan tir ciia hang (cot) cho phan tu
nho nhét (goi 1a phan ti rit gon) trong hang (cot) d6 dé mdi hang (cot) do co it nhat mot

phan tir bang 0.

(2) Ma tran M’ thu duoc tir M sau khi rit gon trén tat ca cac hang (cot) cua M, goi 1a ma trdn rit

gon cua M.

(3) Hang sé rit gon cuia M, ki hiéu Sy, duoc xac dinh 1a: Sy = tong tat ca cac phan tu rat gon

trén cac hang va céc cot caa M.

Vi du 2: Tim hang s6 rit gon ciia ma trgn chi phi M trong Vi du 1.
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Gidi. Tim phan tir riit gon trén timg cot ta cé :

N

4 5

1 3 6
1 [ oo 5 7 9 12 15"| 1 100 20 30 L(L) 55 126
2 |8 o 8 10 13 17| | |
3 |15 12 oo 9 7 3|R1’1tgontréntimgc6t2 |0 @ 1 1 6 14'
M = >3 |7 7 o 0 0 O]
4 18 18 25 o 12 9| | I
5 110 12 14 16 o 18| ey B Y s L
8 5 7 9 7 3
1 2 3 4 5 6
1 [0 0 0 0 5 12'|
Rﬁtgontréntimghéng, M':% Ig O; 010 (1) 8 104|.
4 io 13 18 o 5 6|
5 0 5 5 5 o 13
6 lg 8 4 0 O ooJ

Véy hdng $6 rut gon Sy = (8+5+7+9+7+3) + (2+3) = 44,
Nhan xét 2:

(1) Do mdi hang va mdi cot cua M chi c6 mot phan tir nam trong mot hanh trinh du lich h nén
néu rat gon ma tran M thi ham muc tiéu cia moi hanh trinh déu giam di mot luong dang
bang hang s rit gon Sy cia M. Hay Vh € A thi f(h) =Sy, (Sw con goi 1 cdn duéi ciia moi
chu trinh Hamilton h trén M).

(2) Theo Nhdn xét 1y (3) & trén:

- Néu cung (i, j) duoc chon dua vao PATU hy thi cac cung tiép theo cua hg , dwoc chon trén
ma tran chi phi M;j ¢ cap giam di 1 so v&i M ban dau. Cuy thé M;j la ma tran thu duoc tu M
sau khi x6a di hang i, x6a cot j va dat cj = oo.

Trong truong hop chon cung (i, j) thi: f(h) = Sy, + Smyp Vh € A

- Néu PATU hg khéng chta cung (i, j) thi cac cung tiép theo cua hg , dugc chon trén ma tran
chi phi My; c6 clng cap véi M. Cu thé Mij 1a ma tran thu duoc tu M sau khi dat cjj = oo.

Trong truong hop khong chon cung (i, j) thi: f(h) = Sy + Sy, Vh € A.

(3) PATU hg khong chira chu trinh con nén sau khi chon hai cung (k,j) va (j,s) thi trén ma tran
chi phi dang xét dat ¢y = 0, tic la khong dugc chon cung (K,S).
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Thudt todn nhanh c@n gidi bai todn du lich:

Thuét toan nhanh can 1a mdt trong nhitng phwong phap giai chii yéu cua téi wu to hop. Y tudng co
ban cta thudt toan nhanh cén 4p dung cho bai toan du lich 13 tim kiém 151 giai ctia bai toan (PATU
ho) bang cach phan tap cic hanh trinh A ( con goi 1a phdn nhdnh) thanh hai tip con A; j va Ay, trong
d6 A;; 1a tap tat ca cac hanh trinh c6 chira cung (i,j) va A; 1a tap tat ca cac hanh trinh khong chira

cung (ij).

Ma tran chi phi cho cac hanh trinh thuc A;; la Mjj va hanh trinh thudc A; 1a Mp;. Sau khi phan
nhénh ta tim can dudi cia ham muc ti€u cho cac tap hop nhu Nhdn xét 2 y (2).

Viéc phan nhanh dugc minh hoa bang cay tim kiém:

@ﬁt ca cdac hanh Ir‘th

Tép cédc hanh trinh
chira cung (i,j)

Can dudi la SM+SMU- Can duoi la Sy+S My

Tép cac hanh trinh
khong chira cung (i,))

Hinh 5.13. Cay phan nhanh ciia bai toan du lich.
Thudt toan nhanh cdn giai bai toan du lich g6m hai budc mo6 ta cu thé nhu sau:

a. : bat cjj = co. Rat gon ma tran chi phi M = (cj)) thanh M’ = (¢’jj). Tinh can dudi Sy . Co:
f(h) = Sy. ) v
b. :(Lap). Trong M’, v&i moi c’ij = 0. Bat i = min{hang i} + min{cét j} (khong ké ¢’jj = 0).
v Chon cung (i, j) ¢6 (dij)max dé phan nhanh. Tinh Sy;j va Suy nhu sau:
-  Tinh SML.]. : Trén ma tran rat gon M, x6a hang i, x6a ct j va dat ¢’j = oo, ¢ ks = (néu
viéc chon (k,s) s€ tao thanh chu trinh con) ta duwgc ma tran Mjj. Rat gon Mjjta c6 SMij'
- Tinh SML_] : Trén M, dit ¢’j = oo ta duwoC My; . Rut gon My; . Ta ludn co: SML_]: (if)max-
v Néu Smy; < Smy; thi cung (i, j) dugc chon thude PATU h.
Nguoc lai, Sy,; > Sy, thi PATU ho khong chira cung (i,j).

Sau budc phan nhanh nay, f(h) = Sy + min{SMl.j : SML_]}.
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Lap lai (2) voi ma tran chi phi la ma tran rat gon cua {

M;; néu PATU chon cung (i, j)

My néu PATU khong chon cung (i, /)

Thuét toan ding khi ma tran chi phi 1a My ¢ cap bang 2. Liic d6 chi phi nho nhét 1a:

f(ho) = Sw + Min{Swij , Sw,} + -+ Su,.-

Vidu 3: Giai bai toan du lich voi ma tran chi phi M cho trong Vi du 1.

Gidi:
1 2 3 4 5 6
1 o 0® 0@ 90O 5 127
2 |10 o 1 1 6 14
v Lapl:Cé: M'=3 7 7 o 00 o ©
4 [0® 13 18 » 5 6
5 lop® 5 5 5 © 13
6 Lo 8 4 g0 0@ o |

Trén M’, max{o;} = max{5;1;0;1;0;0;6;5;5;0;0} = 6 = d36. Phdn nhanh theo cung (3,6).

1 2 3 4 5 6
1 [0 0® oM 0™ 5 127
2 |0 o 1 1 6 14

- Tinh SMﬁ. Dt ¢’35 = 0. Co M3 = 3 7 7 o 00 o) oo
4 [0® 13 18 » 5§ 6
5 lop® 5 5 5 o 13
6 Lo 8 4 0©® 00© oo

Suy ra: Sy, = dss = 6.

Tinh SMyg - Xoa hang 3, xoa Cot 6 va dat ¢ 's3 = . Ta co:

1 2 3 4 5
1 o 0® o @ g ]
2 |0® o 1 1 6| _ .. _ _
Ms=24 lo® 13 18 o g | = Mad =7 5w =0 Sy
5 o 5 5 5 ooJ
6 Lg 8 oo 09 0

Vdy PATU chita cung (3,6) va cdn dudi Ciia cdc hanh trinh chita cung (3,6) la: f(h) = 44 + Sy,
=44

v’ Lap 2: Trén M’ss, max{dij} = 5 = ds1. Phdn nhdnh theo cung (5,1). Tuwong tu c6 SMﬁ =05 =
S, Sy, =6.Vay Sy, > SMﬁ .
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Cung (5,1) khong c6 trong PATU.

Cdn dudi cua cdac hanh trinh chita cung (3,6) va khong chira cung (5,1) la: f(h) = 44 + Sug; = 49.

1 2 3 4 5
1 o 0 0 0 5]
e, s _ __2 10 o 1 1 6]
v' Lap 3: Dat ¢’sy= => Ms7 = 4 1o 13 18 = 5|
5 o 5 5 5 o 5
6 l9 8 w 0 OJ
1 2 3 4 5
1 [o 0@ @ 0O g 1
oy =2 oW e 1 1 6]
ZMsE=4 g 13 18 o ¢ |
5 1o 00 @ 0@ oo |
6 lg 8 o 00 0®
Trén M'sg, max{dij} = 5 = ds1. Phdn nhanh theo cung (4,1).
- Tinh SMH SMH :541: 5.
- Tinh SMy, - Xoa hang 4, cot 1 va dat C14 = 0. Ta co:
2 3 4 5 2 3 4 5
1 0 0 o 5 1 0 0 o 5
Mig=2 [0 1 1 6 1 =>Mu=2 [0 0 0 5| =>8u,=1<Sy;.
5 |0 0 0 o 5 (0 0 0 o
6 L8 oo 0 O 6 L8 o 0 O

Vday PATU chira cung (3,6) va (4,1).
Cdn dudi cia cdc hanh trinh chita cung (3,6) va (4,1) la : f(h) = 49 + Sy,, = 50.

v' Lap 4: Trén M’y. Tinh toan tuong tu, suy ra PATU chira cac cung la {(1,2); (2,3); (5.4);
(6,5)} hoac {(1,3); (2,4); (5,2); (6,5)}. Va f(h) =50 + 0 =50.

Hinh 5.14. So' d6 tim PATU  ciia bai toan du lich.
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PAP SO: C6 hai hanh trinh ngdn nhdt @ dai 50 la: <1,2,3,6,5,4,1> va <1,3,6,5,2,4,1>.
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BAI TAP CHUONG 5

5.1.  Tim duong di ngin nhat tir dinh 1 dén cac dinh con lai ciia cac do thi sau.

5.3.

5.4.  Trong do thi (d) Bai 5.3, hiy tim duong di ngan nhat :
(i)  Tu dinh a dén dinh L.
(i)  Tur dinh a dén dinh L ¢6 di qua dinh K.
(ili) T dinh a dén dinh L c¢6 di qua canh FJ.
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5.5.  Tim tAm cuaa cac dd thi sau:

a) b)

5.7. Léy vi du vé mot mang mo hinh mot bai toan thuc té va mot Iu6ng Cuc dai trén mang do.
5.8. LAy vi du v& mot mang va mot lat cat hep nhét trén mang do.
5.9.  Giai bai toan du lich véi cac ma tran chi phi:

a b ¢ d e f
a b C d e o

a [° 18 12 10 13 Topco1311 4 8 9
b (15 ° 14 11 12| b 110 6 2 12 8|
a)A=" - b) B=c |9 8 ° 10 13 11|
¢ 17 u 19 20 dlsg c 14 ° 4 o

l16 2 17 15J e |7 12 9 11 ° 10

e l12 13 16 17 ° fls 9 11 6 12
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Chuong 6.

PAI CUGNG VE TOAN LOGIC

Muc tiéu: Nguoi hoc tom tat duoc cac phép toan trén ménh dé so cap; nhan dién dugc cong thirc
ddng nhat dung, cong thirc dong nhat sai. Nguoi hoc biét van dung cac quy tac suy dién dé xac dinh
mot suy luan 1a PUNG hay SAI, ciing nhu dé ching minh mot ménh dé hing dung.

Nguoi hoc x4c dinh duoc gia tri chan 1y cia mot cong thirc co chira luong tir “vai moi” va “ton tai” ;
nam duoc v nghia ctia lwong tir dbi v6i vi tir hai ngoi. Ngudi hoc xac dinh dugc phi dinh cia cac
ménh dé luong tir hoa; biét dich cac cau thong thudng thanh cac biéu thire logic dé c6 thé st dung
cac biéu thirc nay trong viéc lap trinh logic va tri tué nhan tao.

6.1. LOGIC MENH PE

Céc quy tdc cua logic cho ¥ nghia chinh xac caa cac ménh d@é. Hon nita cac quy tic cta logic con
dugc dung dé thiét ké cac mang trong may tinh, dé xay dung cac chuong trinh ctia may tinh, dé
kiém tra tinh dung dén cua cac chuong trinh va nhiéu tng dung khac.

Truée hét, chung ta tim hiéu mot khai niém co sé cua logic hoc d6 1a Ménh de.
6.1.1.  Khai niém ménh dé

Xét cac phat biéu sau day:

1. 7+3=10. La mot phat biéu dung.

2. 9 1a mot s6 nguyén té. La mot phat biéu sai.

3. 10 1a sé nguyén chan. La mot phat biéu dung.

4. Mat troi quay quanh trai dat. La mot phat biéu sai.

5. Hom nay troi mua to thé ! C6 thé diing & chd nay nhung sai & chd khac.

6. Cac ban hoc bai di! Khong ding, khong sai (vi dy 14 cau cau khién).
7. Thu d6 cia nuéc Y la gi? Khong dang, khong sai (vi day 1a cau hoi).

8. Luan don 1 thi d6 ctia nwdc Phap.  La mot phat biéu sai.

9. x24+3x—4>0. bung v&i x = 2 nhung lai sai voi x = 0.

10. Oi, em bé xinh qua! Khong diang, khong sai (vi day 1a cau cam than).

Ta thiy trong cac phét biéu trén, co phdt biéu la ding, c6 phat biéu la sai ; c6 phat biéu thi lic ding
liic sai tuy thudc vao hoan canh cu thé (khong gian, thoi gian...); co phdt biéu khéng ding ciing
khéng sai vi khong 13 cdu tran thuat (khong 13 cau khang dinh).
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Mot phat biéu khiang dinh ding hoic sai (khong thé vira dang vira sai) goi 1a mot ménh d@é so cdp
(hay goi tit 1a ménh dé). Ki hiéu cac ménh désocap la: p, ¢ r, s ...

Trong céac phat biéu trén, phét bicu (1), (2), (3), (4), (8) 1a cac ménh dé.

Mot ménh dé dung thi ta néi nd c6 gia tri chan Iy 1a T (hay 1). Mot ménh dé sai thi ta noi nd cé gia
tri chan 1y 1a F (hay 0). Ta goi {T, F} hay {1, 0} 1a cac gid tri chan Iy (hay chdn tri) cia ménh dé.

C6 nhiéu m¢nh dé duogc xay dung tir cac ménh dé khac bang cach sir dung trang tir ‘khong’, hoac
cac liéntu : ‘va’, ‘hay’, ‘néu ...thi ..." . Cac m¢nh d¢€ nay goi la cac ménh dé phurc.

Céac ménh dé phirc 1a két qua cuia mét hay nhiéu phép todn trén cac ménh dé so cap.

6.1.2.  Céac phép toan trén ménh dé.

Phép phii dinh: Cho ménh dé p.

Phat biéu “khong phai la p” cling 1a mdt ménh dé, ki hiéu p, va dugc
goi 14 phii dinh ciia ménh dé p. 0

H
P O

D& thiy: p 1a ménh dé dang néu p 1a ménh dé sai, va nguoc lai.

Phép hoi: Cho hai ménh dé p va g. Phat biéu “p va ¢~ 1a mot ménh dé, E 2 P /1\ 1
A A s A o PO n A , 0 1 0
Ménh d¢ p A g goi la hgi cua hai ménh dé p va q. Ménh dé p A g chi 0 0 0
duang khi p va g cung ding, con sai trong cac truong hop con lai.
Phép tuyén: Cho hai ménh dé p va g. Phat biéu “p hoic ¢~ 1a mot p 9 |pvgq
m¢nh de, ki hi¢u p Vv q. 1 1 1
. . . . 1 0 1
Ménh dé p Vv g duoc goi la tuyén cua hai ménh dé p va q. Ménh de 0 1 1
pV q chi sai khi p va g cung sai, con ding trong céc truong hgp con 0 0 0

lai.

Dé ¥ rang lién tir “hodc™ trong phép tuyén mang sdc thai nghia c6 tinh bao ham. Con ta dung lién tix
“hodc” voi sdc thdi nghia loai trir trong phép tuyén loai dudi day.
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Phép tuyén logi: Cho hai ménh dé p va g. Phat biéu “chi c6 p hoic chi p q pDq
c6 ¢~ hay phat biéu “p hoac q (nhung khong ca hai)” 1a mot ménh dé, ki 1 1 0
hiéu p®gq. 1 0 1
0 1 1

Ménh dé& p@®q goi 1a tuyén logi cua hai ménh d@é p va g. Ménh dé p®q 0 0 0
chi dung khi mot trong hai ménh dé p va q 1a ding, con sai trong cic
truong hop con lai.

Y q p—q
Phép kéo theo: Cho hai ménh d& p va q. Ménh d@é kéo theop » qlamot | 1 | 1 1
ménh dé chi sai néu p ding va q sai, con ding trong cac trudng hop con 1 0 0
lai. 0 1 1

0 0 1

Trong suy luan toan hoc, c6 nhiéu thuat ngir khac nhau dé phat biéu ménh dé p - q. Céac cach noi
thuong gip 1a: “Néu p thi g”; “p kéo theo g”; “p 1a diéu kién da dé co q; “q 1a diéu kién can cua p”.

Trong phép kéo theo p — g, ménh dé p duoc goi 1a gid thiét, ménh dé q duoc goi 13 két ludn.

Cho ménh dé p = q (1). Ménh dé q - p duoc goi 1a ménh dé ddo cia ménh dé (1). Ménh &6 G —» p
duoc goi 1a ménh dé phan ddo cia (1). Ménh dé (1) lac nay goi 1a ménh dé thudn.

Phép twong dwong: Cho hai ménh dé p va q. Ménh dé twong duwong p q peq
p < g 13 mot ménh dé chi dung khi p va q cing dung hodc cing sai, 1a 1 1 1
ménh dé sai trong cac trudng hop con lai. 1 0 0

0 1 0

0 0 1

D& thiy, ménh dé tuong duong p < q 1a ding khi va chi khi hai ménh dé kéo theo p » g viq - p
déu dung.

Do vay, ta cling c6 mot sb cach dién dat dé chi ménh dé tuong duong p & g la: “p néu va chi néu

2 13

q”; “p 1a diu kién can va du cua q” ; “néu p thi q va ngugc lai”.

Vi du 1: Hdy biéu dién cac ménh dé phirc sau thanh mot biéu thirc logic cua cac bién ménh dé so
cdp va cdc phép toan trén ménh de. Sau do xdc dinh gia tri chan ly cua cac ménh dé do?
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i.  51a motsé chinh phwong va Vé Nguyén Gidp la mét - pAq - Ménh dé sai.

Vi tuong.

ii. 5 khong phdi la mét sé chinh phuwong hodc V6 Nguyén - pAG - Ménh @é diing.
Giap khong phai la mot Vi tuong.

ii.  Ha Noi la thu d6 va la thanh phé c6 dién tich lonnhdt - pAgq - Ménh dé sai.
Cua nweoc Viet Nam.

V. Néu mét tir gidc c6 hai cdp canh doi song song hogc - (pvgq) »r - Ménhdé ding.
c6 hai dwong chéo cat nhau tai trung diém cuia mdi
dwong thi tw gidc do la hinh binh hanh.

V. Néu bdy gio trai dat ngimg quay thi Pari la thi do ciia - p - g - Ménh dé diing.
Viét Nam.

fi.  Néumgt troi moc ¢ dang Déng thi 2 < 3. - pog - Ménh dé diing.

ii.  Néum >3 rhi3laséchan. - pog - Ménh dé sai.

ii. Mt troi moc ¢ dang déng khi va chikhi 2 > 3. - peog - Ménh gé sai.
7 < 3 Néu va chinéu 3 la so chan - pog - Ménh dé diing.
Néu mon khai vi la sip hodc salat thi ban diwgC nhan - (p@q) »r - Ménh dé diing.

thém mét do uong.
6.1.3.  Céng thirc ddng nhat dung. Cong thire ddng nhat sai
Dinh nghia:

(1) Trong logic ménh d&, mdi ménh dé so cap p, ¢, r, ... goi 1a Mgt cong thirc. Néu A, B 1a hai
cong thuc thi cac biéu thac A; AAB; AVB; A— B; A & B cung cac dau ngoic don ()
cling la cac cong thuc.

Hién nhién: Ménh dé hang ding, ki hiéu 1 (ménh dé c6 gia tri chan Iy dang); ménh dé hang sai, ki
hiéu 0 (ménh dé co gid trj chan 1y sai) ciing 1a cac cong thic.

Luu y: Mot cong thirc chi chira ddu dong mo ngodc () va 5 phép todan ~—; A; V; —; < (thtr ty uu tién
tir cao xudng thip). Tuy nhién, dé rd rang nén sur dung cac dau ngoic () dé xac dinh mirc d6 uu tién.

(2) Cong thuc A goi la dong nhdt ding (con goi 1a hang diing, hay chdn 1), ki hiéu &= A hay
A =1, néu A luén nhin gid tri ding vi moi bo gia tri dung sai clia cac ménh dé so cip c6
trong A.

(3) Cong thic A goi 1a dong nhdt sai (con goi 1a hang sai, hay mdu thuan), néu A luén nhén gid
tri sai voi moi bo gia tri dung sai cia cac ménh dé so cap c6 trong A.

(4) Hai cong thic A, B goi 1a dong nhat bang nhau, ki hiéu A = B, néu A, B ciing nhdn gid tri
ching, sai V&i moi bo gia tri diing sai clia cac ménh dé so cap ¢ trong hai cong thirc A, B.

Hay noi cach khac, A = B khi va chi khi cong thuc 4 <& B = 1.
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Luwuy: (1):Néu A = B thita con noi hai cong thirc A va B 1a twong dwong logic. Ki hiéu: A & B.

(2) : Néu A — B = 1 thi ta con n6i B 14 hé qua logic cua A. Ki hiéu: A = B.

Béng 6.1. Mt s6 luat logic (hay cac cong thirc ddng nhit bing nhau) quan trong.

(HA=4 (11) | - Ludtphi dinh cia phi dinh
ANA=0; AVA=1 (1.2) - Lugt ve phan tu bu
AVA=A, ANA=A (1.3) - Luét lﬁ)ﬁd‘dng.
AVI=1, AAO=0 (1.4) - Lugtthong try

- Ludt trung hoa
AVO=4; AN1=A4 (1.5)

(Z)AVBEBVA, AANB=BAA - Lugt giao hodn

(3)AANB=AVB; AVB=AAB - Lugt De Morgan

(4) (AvB)VC =AV(BVC); - Lugdtkét hop
(AAB)AC=AA(BAC)

(5) AV(BAC)=(AVB)A(ANC) - Ludt phdn phoi
ANBVC)=(AAB)V(AACD)

6)A-B=AVB (EBVA=B-A) - Lugt vé phép kéo theo

D& dang chirmg minh duoc cac luat logic nay bang cach 1ap bang gié tri chan 1y (xem nhu bai tap).

Vi du 1: Chizng minh ludt logic vé phép kéo theo: A - B = AV B (*).

Giai.
Biang 6.2. Bang chin tri ciia luit logic vé phép kéo theo.
A B A AVB A—-B
1 1 0 1 1
1 0 0 0 0
0 1 1 1 1
0 0 1 1 1

Vay A —» B va AV B la hai cong thire dong nhdt bang nhau.
Mt s6 ludt khdc trong logic ménh dé:

(1) Ludt déi ngdu
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Dinh nghia: Cho A 1a mot cong thic chi c6 3 phép todn héi, tuyén va phii dinh ma khong c6 chira
phép tuyén loai va phép kéo theo. Cong thirc déi ngau ciia A, ki hidu 1a A", 1a mot cong thie thu
duogc tir A sau khi doi phép toan hoi thanh tuyén, tuyén thanh hoi, ménh dé 0 thanh 1 va ménh dé 1
thanh O (phép phu dinh gilt nguyén).

Dinh Iy 1: Néu A = A(Xy, Xo, ..., Xp), 1a mot ham ménh dé chira cac ménh dé so cap X1, Xy, ..., X, thi
A = AKX, Xy o X))

Dinh Iy 2 (Nguyén Iy doi ngdu): Néu A = B thi A* = B* (Tic 13, néu hai cong thic 1a dong nhat
bang nhau thi cac cong thie ddi ngu cia chiing ciing ddng nhat bang nhau).

Vi du 1: Bang cdch ldy déi ngdu theo Dinh nghia hodc theo Binh Iy 1, méi cdp cong thirc trong
tieng nhém (1); (2); (3); (4); (5) & Bang 6.1 la doi ngdu ciia nhau, Va dwong nhién, ching théa méan
nguyén Iy déi ngau (Pinh Iy 2).

(2) Ludt thay thé

Dinh ly: Gia st A(p) 12 mot cong thirc chira ménh dé so cap p va E 1a mot cong thic nao d6. Néu
A(p) = 1thi A(E) = 1, v6i A(E) 1a cong thirc thu duoc tir A(p) khi thay ménh dé p boi cong thuc E.

Vi du 2: Tir Ludt thong tri (1.4) trong nhém (1) Bang 6.1. Ap dung Lugt thay thé, suy ra cong thirc
sau la dong nhdt diing: (p Aq) V1 = 1.

(3) Luadt két lugn
Dinh Iy: Néu A= Bva A=1thi B=1.
6.1.4.  Diéu kién dong nhat ding. Piéu kién dong nhat sai

< Tuyén so cdp, hdi so cdp
Dinh nghia 1:
(1) Mét dang tuyén so cdap (TSC) 1a mot biéu thic logic chi chira phép tuyén cua cac ménh dé so
cap va phu dinh cta cac ménh dé so cap.
(2) Mot dang héi so cap (HSC) 1a mot biéu thuc logic chi chira phép hoi cua cac ménh dé so cap
va phu dinh cta cac ménh dé so cap.

binh Iy 1:
(1) Mot dang TSC 1a dong nhdt diing khi va chi khi TSC d6 chtra dong thoi mot ménh dé so cap
va phu dinh cta no.
(2) Mot dang HSC 1a dong nhat sai khi va chi khi TSC d6 chira dong thdi mot ménh dé so cap
va phu dinh cua no.
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% Dang tuyén chudn tic va dang hgi chudn tdic
Dinh nghia 2: Cho A 13 mdt cong thire trong logic ménh dé.

(1) Néu A = A’, trong d6 4’ 1a mot tuyén cia cac HSC thi 4 duoc goi 1a mot dang tuyén chuan
tac (TCT) cua A.

Noi cach khac, 4’ 1a mgt dang TCT cua A khi va chi khi (A = A’, véi A” = HSC1VHSC, V...VHSC,).
(2) Néu A = A’, trong d6 A’ 1a mot hoi cia cac TSC thi 4~ duoc goi 13 mot dang HCT cua A.
Noi cach khac, 4’ 1a mgt dang HCT cua A khi va chi khi (A = A’, véi A” = TSCIATSC, A ...ATSCy).
Chii y: Trong dang HCT, TCT cua A chi chira dung 3 phép toan: hdi, tuyén, ldy phi dinh.
Dinh Iy 2: Moi cong thirc trong logic ménh dé déu c6 dang HCT va TCT.
Cdc quy tic bién déi dwa mét cong thirc vé dang HCT hodiic TCT twong dwong logic vdi né:
Dp-q=pvq
(A PAG=PVEPVG=DA]
@ pvigarr)=@VvA@Vvr); pAl@vr)=@Aq)V(pAT)
(Ouy tdc (1) khir phép kéo theo, quy tdc (2) va (3) chuyén phép tuyén thanh phép hi va nguwoc lai)

% Diéu Kign dong nhdt diing. Piéu kign dong nhat sai:

(1) Cong thirc A = 1 khi va chi khi trong dang HCT cua A moi TSC déu chaa dong thoi mot
ménh dé so cap va phu dinh cua né.

(2) Cong thac A = 0 khi va chi khi trong dang TCT caa A moi HSC déu chira ddng thoi mot
ménh dé so cap va phu dinh cua né.

Vidu : Sirdung diéu kién dong nhat diing, chirng minh:
p->@->n)= >0~ @)
Giai. Dat:
A=pP->3@->n)>(@~D~>W®~-1)

A=(pv@vr)->(@Vvq) > (@VT)) (Khirphép kéo theo)

pvgVvrVv(pVvqVv (@Vvr)) (Khi phép kéo theo)
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=pvaqvrVv((pAgQ)Vv(®Vr)) (Ap dung luit De Morgan)
=(GVOIVIVGEVI)V @AY  (dp dung luit ket hop)
= (mvﬁVer)/\ (WV}?V?‘V@) (Ap dung ludt phan phoi)
=@V VavBEvrvp) A (BYRVEGY @EVrVE)  (dp dung luit ket hop)

Ta c6 biéu thire tuyén (PVTIV GV (PV 1TV G) c6 dang EV E Véi cong thic E =pVrV q. Hon
nita trong tuyén (PVr)V GV PV TV p cé chita ménhdépvaip nénA = 1.

Viy:(p—>(@@-1)=>((p->q - @®->1).
6.1.5.  Cac quy tic suy dién trong logic ménh aé

Trong cac ching minh toan hoc, xuat phat tr mét s6 khang dinh ding p, g, r, ... (20i 13 céc tién dé),
ta ap dung cac quy tdc suy dién dé suy ra ménh dé h (ma ta goi 13 két Iudn) 1a chan Iy hay dong nhat
dung.

Néi cach khéc, dung cac quy tac suy dién dé chang minh: (p A g AT A ...) ¢6 hé qua logic 14 h.
Tacla: (pAgATA..)>h (*).

Mot cach dé ching minh dong nhit dang (*) 1a Idp bdng gid tri chdn 1. Tuy nhién cach lam nay
khong hiéu qua néu sé bién ménh dé lom.

Dé khéc phuc diéu ndy, ta sir dung cdc quy tdc suy dién da dwoc khang dinh la diing dé chia bai toan
thanh cdc modul nho, nghia 1a tir mot s6 tién dé suy ra mot s6 két luan trung gian, va coi cac két luan
nay nhu 14 cac tién dé dé suy ra két luan cudi cung.

Ta thuong mo hinh héa phép suy luan d6 dudi dang:

Sau day 1a mot sd quy tic suy dién quan trong. Viéc chimg minh tinh diing dan cia cdc quy tdc nay
chinh 1a viéc chimg minh cdc dong nhdt diing twong tmg, ma ta c6 thé thuc hién bang cach don gian
la 1ap bang chan tri.
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Bing 6.3. Mt s6 quy tic suy dién quan trong.

Cdc quy tac suy dién Dang so do Vi du minh hoa
1. Quy tac khang dinh Néu Hoa chiam hoc thi Hoa sé& dat
p=q diém cao.
[(p-> @) Apl=gq _r Ma Hoa chim hoc.
q Suy ra : Hoa dat diém cao.
2. Quy tac pha dinh Néu Hoa chim hoc thi Hoa s& dat
P4 diém cao.
(P> Agl=>p _1 Ma Hoa khong dat diém cao.
p Suy ra : Hoa khong cham hoc.
3. Quy tac tam dogn lugn Néu troi mua nhiéu thi ban s& khong
P=4q di choi.
X INCESDIENESD =T Néu ban khong di choi thi ban s& hoc
“poT tét.
Suy ra : Néu troi mua nhiéu thi ban s&
hoc tt.
4. Quy tac tam doan ludn roi Thir bay, Hoa thuong di xem phim &
pVq rap hoac vé qué.
[(pva)Agl=p _1 Thir bay nay, Hoa khong vé qué.
D Suy ra: Tht bay nay, Hoa di xem
phim & rap.
5. Quy tac noi lien Hoém nay, troi mua nhiéu.
p Hom nay, Hoa & nha.
A= (@Aq) q Suy ra : Hom nay, troi mua nhiéu va
~PAq Hoa ¢ nha.
6. Quy tac don gidn Hom nay, Hoa vé qué va ngti Som.
pAq Suy ra : Hom nay, Hoa vé qué.
pA@=p &
7. Quy tac ching minh theo #ruwong Chang minh ménh dé: ‘n 1a sd tu
hop p=r nhién thi n(n + 1) i 2.
q—-r
[(p->r)A(@-D]=[ve->r] |~ (Vg ->r Suy ra : Chi can ching minh 2 ménh
dé dong nhat dung 1a: ‘n 1a sb tu
nhién chin thi n(n+1) 2’ va ‘n la
sd ty nhién 1é thin(n + 1) i 2’
8. Quy tdc mdu thuan (Hay ching Ching minh ménh dé: "Tong cia mot
minh bang phan ching) Py Zl s6 hiru ti va mot sb vo ti 1a mot sb vo
2 ti".
[(p1 AD2 A . ADR) = R pz . Suy ra: Chi can chirng minh phan
_ p, Pn chirng, tac 1a ching minh ménh dé :
& [ APz AApaAR) 0] | o R "a 14 56 hitu ti, b 14 s6 vo ti va a+b 1a
=0 s6 hitu ty" 1a SAI (hay 1a mau thuan).
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9. Quy tic phdn ddo
A-BeB-A

Pé chiung minh A — B 1a dung ta chi can chirng minh
ménh dé phan dao B — A ciing 1a ding.

- Chang minh ménh dé : “Néu n 1a mot
s6 tu nhién va 3n+2 1a mot s Ié thi n
lasb le”.

- Suy ra : Chi can chitng minh ménh dé
phan dao : “Néu n 1a s6 ty nhién chin
thi 3n+2 1a chin”.

10. Phan vi du

Dé ching minh mot phép suy lugn:
(P AD2 A . ADpy) = q LA SAL

hay cong thuc : (py Apa A ... App) = q khong phdi la
dong nhat diing, ta chi can ch1 ra mot phan vi du.

Ttrc 1a chi ra mot bd chan tri cua cac ménh dé cé trong
cong thic, 1am cho gia tri chan 1y cua cong thuc 1a sai.

Truong hop don gian nhat, ta chon bo
(P12 Pnq) = (1,1,...,1,0) thc 1a chi ra truong
hop tat ca cac tién dé déu dung con két luan sai.

B6 chan tri trén goi 1a mot phan vi du cua phép suy
luan da cho.

- Chang minh ménh dé&: “Tu giac co
hai duong chéo vuong goc thi tor giac
d6 13 hinh thoi”, LA SAI.

- Suy ra: Chi can lay mét phdn vi du:
Cho hinh vuéng ABCD c6 AC N BD = 0.
Goi E 1a trung diém cua OD.
Suy ra ‘T giac ABCE c6 hai duong chéo
vudng goc nhung khong co cac canh dbi
song song nén tu giac d6 khong 1a hinh
thot’.

A D

Vidu 1: Suy lugn sau co dung khong?

Ong Minh néi rdang, néu khéng ting liwong thi dng ta sé nghi viéc. Mt khdc, néu dng dy nghi viéc va

vo 0ng ay mat viéc thi phai ban xe.

Biét rang, vo éng dy hay di lam tré thi trudc sau gi ciing sé bi mat viéc. Nhung dng Minh da dwoc

tang luwong.

Suy ra, néu éng Minh khéng ban xe thi vo 6ng ta di khong di lam tré.

Giai.

Ki hiéu cdc ménh dé nhw sau: Tir bai todn va theo quy tic phan ddo ta cé cdc tién
dé (cdac khang dinh dung) va quy tdc suy dién sau:

p: Ong Minh duoc ting hrong.
q: Ong Minh nghi viéc.

r: Vo ong Minh mat viéc.

s: Ong Minh ban xe.

t: Vor éng Minh hay di lam tré.

(CIZ/)_\T_))q—)S\ /(ql/a_\:)q—)s\

t—->r = t->r
p p
WSt “tos
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Mot phan vi du théa man moi tién d@é déu ding nhung két ludn sai la: t=1, s=0 ; r=1, p=1, q=0.
Vay suy ludn trén khéng diing. Tirc la éng Minh khéng béan xe thi vo éng Minh vin cé thé di lam tré.

That vay, ong Minh duoc tang lwong nén ong Minh khong bo viéc. Ma 6ng Minh khong bo viéc thi
chdc chan khéng phdi ban xe. Do vdy viéc vo éng dy hay di lam tré (tirc la vo bi mdt viéc) khong
danh hieong dén viéc ong Minh khéng phdi bdn xe.

Vi du 2 : Cho céc tién dé :

‘Néu anh dén thi em di choi khuya’.

‘Néu anh khong dén thi em di ngii sém’.

‘Néu em ngii sém thi mai em sé di hoc diing gio”.

Hay chitng minh hé qua logic: ‘Néu em khéng di choi khuya thi mai em sé di hoc ding gio- .

Giai.
. . . Ap dung cdc quy tic suy dién nhw sau:

Ki hiéu cac ménh dé la: | So do suy dién la :

, qg-p (Tir (1) va quy tic phan dao)
p: Anh dén. p->q (1 por (Tién dé (2))
q: Em di choi khuya. p->r (2) wgor (Ouy tic tam doan ludn)
r: Em di ngui som. r->s (3) ros (Tién dé (3))
s: Em di hoc dung gio. c7—>—5 o (Quy tac tam doan ludn)

Vay : ‘Néu em khéng di choi khuya thi mai em sé di hoc ding gio’ la dong nhat diing.

Chii ¥ : Phai dung hang cdc dong nhdt ding dé suy luan, néu dung TIEP LIEN (1 mot cong thirc
khong phai 1a ddng nhat dung, ciing khong phai 1a dong nhit sai), ching s& khién suy luan thanh
NGUY BIEN.

Bing 3.4. Mot s6 suy dién 1a NGUY BIEN.

Tié’p lién Nguy bién Vi du

. ) Néu anh ta cudi vo thi anh ta s& co con. Anh
[((p = @) Aq] - p | Nguy bién khang dinh ket lugn | ta da c6 con. Vay anh ta di c6 gia dinh.

) Néu anh ta cudi vo thi anh ta s& co con. Anh
[((p = q) APl = q | Nguy bién phu dinh gia thiet ta khong 1ap gia dinh. Vay anh ta khong thé
co con.
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6.2. LOGICVITU

Trong céc khing dinh toan hoc ta hay gip cac phat biéu c6 lién quan dén bién nhu : “X°+3x— 4> 0"
Dy =y 427 “x+y=z".;voidiéukién X, Y, z 1a cac sb thuc. Ta chua xac dinh duoc cac phat
biéu nay ding hay sai bdi vi cac bién chwa c6 gia tri.

Trong cic churong trinh may tinh (Chang han, ngén ngit Prolog, ngon ngit lap trinh suy luan trén co
s& logic toan hoc dé giai quyét cac bai toan trong linh vuc tri tué nhin tao), ta ciing hay gip cac biéu
thire chira bién kiéu nhu vay, v6i mién xac dinh cta cac bién da biét.

Ki hidu cac phat biéu trén 1a: P(x): “x*+3x—4 > 0”; Q(x,p): “x =y +27; R(X,Y,2): “X+y=2"(*).
RS rang, ban than cac phat biéu P(x), Q(X,y), R(X,y,z) chua phai 1a mot ménh dé. Tuy vay, khi gdn
gid tri cu thé cho cac bién hoic chi ra mét mién xdc dinh cia cac bién thi cac phat biéu d6 trd thanh
cac ménh dé. Chang han :

Phat biéu : P(2) = “22 +3.2—4> 0", 1a mét ménh & DUNG (gan x = 2).

Phat biéu : Vi moi x € (0;2), P(x)="v&i moix € (0;2): x2 + 3x — 4 > 0" [a mét ménh dé SAL
Phat biéu : Q(2,1) = “2=1 + 2” la mdt ménh dé SAI (ganx =2,y =1) ....

Ta goi cac phat biéu & (*) 13 cdc ham ménh dé hay 1a cdc vi tir . Dang tong quat ta c6 dinh nghia sau:

6.2.1. Cac dinh nghia.
(1) Vi tir: Cho Xi; Xz ...; Xy 12 tap hop cac ddi twong nao d6. Pat X = X; X X, X .. X X,, va
(X1; X2, ..., Xn) € X tiCc X € X;, Vi = 1,n. Mot phat biéu ¢6 n bién X¢; Xo; ... X» duwoc ki hiéu 1a
P(X1; X2; ...; Xn) duocC goi 1a mét ham ménh dé xac dinh trén X néu thoa mén :
- Phat biéu P(X1; Xz, ...; Xn) chua phai 1a ménh dé.
- Nhung thay (X1} Xz ...; xn) Vi Xi € X; thanh gia tri cu thé (X7;X5; ...; X,) thi phat biéu
P(x7;%5; ...; %;) 1a mot ménh dé.
Ham ménh dé P(X¢; Xz, ..., xn) cOn goi 13 vi tir n ngdi xac dinh trén X; X X, X ... X X,,.

(2) Su lwong héa : Cho P(X) 1a vi tir mot ngdi xac dinh trén A. Cac ménh dé lwong tir héa cua
P(x) xac dinh nhu sau :
(i) Luwong tir “véi moi” hay "phé dung"”, ki hiéu V. Ménh dé& “Véi moi x thuge 4, P(x)”, ki hiéu :
"Vx € A, P(x)" (2i)
Ménh d (2i) 1a DPUNG néu véi bat ki xo thuoc A thi ménh dé P(xo) ludn nhan gia tri dung.
Nguoc lai, (2i) 1a SAI néu co it nhit mot phan tir xo thudc A dé P(xo) sai.
(i) Lurong tir “ton tai”, ki hiéu 3. Ménh d& “Ton tai (it nhat) mét x thuge A, P(x)” hay “Cé it
nhdt mét x thuge 4, P(x)”, ki hiéu :
"Ix € A, P(x)"  (2ii)
Ménh dé (2ii) 1a DPUNG néu co it nhat mot gia tri Xo thudc A dé P(xo) dung.
Nguoc lai, ménh dé (2ii) 1a SAI néu véi bat ki X thudc A thi P(Xo) ludn nhan gia tri sai.
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Tom lai, néu A = {xy; x5; ...; X, } thi :

(2i) "Vx €A P(x)" =P(x) AP(x32) Ao AP(xp).

(i) "Ix €A P(x)" =P(x) VP(xy) V...V P(xp).
Tuc 14, dé xac dinh chan tri cta (21) 1a diing thi phai thir tdf ca cac gia tri X; thudc A; con dé xac dinh
chan tri ctia (2ii) 13 diing thi ta chi can tim mér gia tri ctia X; thudc A.

Vidul: Cho P(x) = “X* + 3x—4 > 0" Véi x ld s6 thuc ; S(n) = “n(n + 1) : 2” véi n la s6 ti nhién.

Ménh dé VxER, P(x) := “Vx € R, X+ 3x—4 > 0”. Bdy la mot ménh @é SAL Vi thir véi x = 0, P(0)
la mot ménh dé sai.

Ménh dé AxER, P(x) := “Ax € R, X* + 3X — 4 > 0”. Dé thdy, ménh dé nay la PUNG (chdng han
dung voi x = 2).

Ménh dé Vn€N, S(n) := “vneN, n(n+ 1) : 2”. Ddy la mét ménh dé PUNG. Vi thir véi sé tu
nhién n bat ki, xay ra hai trwong hop: n chan (n = 2k) hodc n 1é (n = 2k + 1) thi S(2k) = “2k.(2k +
1):2”va SRk + 1) =“(2k+1).(2k+2) i 2” la cdc ménh dé diing.

Hién nhién, ménh dé 3n €N, S(n) := “IneN,n(n + 1) : 2” la PUNG (Chdng han ding véi n = 2).

Luu y: Thir tw cde lwong tir 361 v6i vi tir nhidu ngdi 1a quan trong, ta chi khdng phdn biét thir tir khi
tat ca cac luong tur 1a “voi moi”, hoac tat ca cac luong tur la “ton tai”.

Biang 6.4. Y nghia ciia cac lwgng tir d6i voi vi tir hai ngdi Q(x,y).

Ménh dé lwong tir héa ciia Q(X,y) Y nghia cdc lwong tir

La mot ménh dé dung néu Q(x,y) 1a ding v&i moi cip (X,y)
(1) Vx € A,Vy € B,Q(x,y) tuy .
Hay vx € 4,{Vy € B,Q(x,y)} La mot ménh dé sai néu co it nhit mot cap (x,y) nao d6 dé

Q(x,y) la sai.

La mot m§nh dé ding néu véi gia tri X bat ki, c6 it nhat mot
(2) Vx € 4,3y € B,Q(x,y) gia tri y dé Q(x,y) la diing,

Hay vx € A,{3y € 4,Q(x,y)} La mot ménh dé sai néu c6 it nhat mot gia tri x dé Q(x,y) 1
sai v&i moi y.

La mot ménh dé dung néu c6 it nhat mot gia tri x dé Q(x,y) 1a

(3) Ix € A, Vy € B,Q(x,y) ding voi moi y.

Hay 3dx € A,{Vy € B,Q(x,y)} La mot ménh dé sai néu véi x bat ki, co it nhit mot gia tri y
dé Q(x,y) 1a sai.

(4) 3x € A,y € B,Q(x,y) La mot ménh dé dang néu co it nhat mot cip (X,y) nao do dé
Q(x,y) la dtng.

Hay 3x € A,{3y € B,Q(x,y)} La mot ménh dé sai néu Q(x,y) 1 sai voi moi cip (X,y) tiy ¥.
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Vidu?2 : Xét hai ménh d@é lwong tir héa cia vi tir Q(x,y) = “x=y +2” Véix,y €R:

vx3y, Q(x,y) = "Vx3y, x =y + 2". Phdt biéu la : "Véi moi s thuc x, ton tai sé thuc y théa
man :x =y + 2" Ddy la mét ménh dé DUNG. Vi : v6i 56 thuc x tiy ¥, chony =x—2thix =y + 2.

Iyvx, Q(x,y) = "3yVx, x =y + 2". Phat biéu la : "Ton tai it nhat mét s6 thiee y, dé véi moi s6
thiee x ta ¢é: x = y+2". Pdy la mot ménh dé SAL Vi: véi moi sé thucy, chon x = y+3 thix # y + 2.

Dinh Iy : Cho Q(x,y) 1a mot vi tir theo hai bién x, y xac dinh trén A x B. Khi 6 :

(1) "vx € A,Vy € B,Q(x,y)" © "Vy € B,Vx € A4,Q(x,y)".
(2)"3x € A,y € B,Q(x,y)" © "Iy € B,Ix € 4,Q(x,y)".
(3)"Ix € A,Vy € B,Q(x,y)" = "Vy € B,ax € 4,Q(x, y)".

Theo Vi du 2 & trén thi chiéu dao cua (3) noi chung khong dung.

Quy tdc dac biét héa phé dung : Néu mot ménh dé lwong tir hoa chia lwong tir phd dung (V) trudc
bién x € A, LA DUNG, khi 4y néu thay x bdi a € A thi ta s& dugc mot ménh dé PUNG.

Vi du 3: Vi : "Moi nguoi déu c6 qué hiong", ma Mai la nguoi, nén "Mai ciing ¢é qué hirong".
6.2.2.  Phu dinh cia vi tir va lwgng tir.
Tt Pinh nghia cua lugng tir "véi moi” va "ton tai" va Bang 6.4 - bang ¥ nghia cua cac luong tir dbi

v&i vi tu hai ngoi, ta c6 Phu dinh cua cac ménh dé lwong tir hoa ctia vi tir mot ngdi va vi tur hai ngoi
nhu sau :

Bang 6.5. Phi dinh cia vi tir va lugng tir

Ménh dé lwong tir héa Phii dinh ciia ménh dé lwong tir héa

Vx € 4, P(x) Vx € A, P(x) = 3x € A, P(x)

3x € A, P(x) Ix € A, P(x) =Vx € A, P(x)
Vx € A,Vy € B,Q(x,y) Vx € A,Vy € B,Q(x,y) =3x € A,3y € B,Q(x,y)
dx € A,3y € B,Q(x,y) Ax € A,y € B,Q(x,y) =Vx € A,Vy € B,Q(x,y)
Vx € A,3y € B,Q(x,y) vx € 4,3y € B,Q(x,y) =Ix € A,Vy € B,Q(x,y)
Ix EA VY €B,Q(xy) Ix € A,Vy €B,Q(x,y) =Vx € A,3y € B,Q(x,y)
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Vidu 1 : Ta co dinh nghia, mot ham thuc f(x) lién tuc tai diém xo néu :

Ve > 0,36 > 0: {(Vx ER,|x — xo| < &) = |f(x) — f(xo)| < €}

Suy ra, ham thuec f(x) khéng lién tuc tai diém xo néu

e > 0,V86 > 0: {(Vx ER, [x —x5] < 6) = [f(x) — f(x)| < €}

S Je>0,V8 > 0:{(EIx ER, |x—xol <8) = |f(x)— fxp)] < s}

©Ie>0,Vi>0:{(AxER, |x —xol <8) =2 |f(x) — flxx)| > €} .

6.2.3. Dich cac ciu thong thwong thanh biéu thic logic

Str dung cac vi tir va cac lwong tir chiung ta c6 thé biéu dién dugc mot tap hop rong 16n cac cau
thong thuong thanh cac biéu thirc logic. Viéc lam nay nhim muc dich loai di nhiing di nhitng diéu
chua rd rang va ngudi ta co thé sir dung cac biéu thic nay trong viée Idp trinh logic va tri tué nhdn

tao. Xét cac vi du sau day.

Vi du I : Ding vi tir va lieong tir, ta c6 thé biéu dién cdc suy ludn théng thuong nhu sau

Cdu thong thuong

Vi tie

Biéu thirc logic

1. Néu mét nguoi ndo dé la
nie va da sinh con thi
nguoi do sé la me cua mot
nguoi khac.

P(X) . x la nir.
Q(X) : x da sinh con.

R(X,Y) : x la me cua y

Vx € A,P(x) AQ(x) = 3y € M,R(x,y).

(4 la tép hop tat cd nhitng nguwoi la niv).

2. Tdt ca sw tir déu hung dir.
Nhuwng mét s6 sw tir khéng
uong ca phé. Vi vdy, cé
mét sé sinh vdt hung di
khéng udng ca phé.

P(X) . x la su tik.
Q(X) : x la hung dir.

R(X) : x udng ca phé

Vx € A,P(x) » Q(x)
3x, P(x) AR(x)

«~ 3x,Q(x) AR(x)

(4 la tdp hop tdt ca cdc sinh vit)

3. Tat ca cdc con chim rudi
déu c6 mau sac sé. Nhung
khong co con chim lon
ndao séng bang mdt ong.
Va cac con chim khong
song bang mdt ong déu
khong co mau sac so. Do
vdy, chim ruoi la nho.

P(X) : x la chim ruoi.
Q(X) : x la lon.
R(x) : x co mau sdac so

S(x): X song bang
mdt ong

Vx € A,P(x) > R(x) (3.1)
dx € A,Q(x) - S(x) (3.2)
vx €A4,5(x) > R(x) (3.3)

Vx € 4,P(x) » Q(x)

(4 la tdp hop tat cd cdc sinh vit)
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Nhén xét: Suy ludn trong cau thir 3 & Vi du 1 trén ddy, dwoc chimg minh suy dién logic theo so do
sau:

3x €A4,000) Vv Sk - Khit phép kéo theo trong tién dé (3.2)
~Vx €A4,Q(x) Vv S(x) - Phu dinh cua liong tir ton tai
~Vx €A4,Q(x)AS(x)

- Lugt De Morgan
Vx € A,5(x) » R(x) - Tién dé (3.3)

~Vx €A,Q(x)ARK)
Vx EA,m*m
“Vx €A Qx)AP(x)

~Vx €A4,Q(x) - P(x) - Theo dinh nghia cua hgi (A)
~Vx €A4,P(x) - Q(x) - Quy tac phan dao

- Quy tac phan dao véi (3.1)

BAI TAP CHUONG 6

6.1.  Cho cac ménh dé sau:
p: Ban bi 6m, nghi hoc nhiéu.
g: Ban thi truot ki thi két thiic hoc phan.
r: Ban duoc Ién lop.

Phat biéu cdc ménh dé sau theo cach néi thong thuong:

a) p—gq d (p->1)Vv(g—T)
by roq e) @AQV(GAT).
) gq—T

6.2. Cho cac ménh dé:
p: Ban nhan duoc diém gioi trong ki thi cudi khoa.
q: Ban lam hét bai tap trong quyén sach nay.
r: Ban sé dugc cong nhan la sinh vién xuét Sic trong lop.

Hay viét lai cic ménh dé sau thanh cac biéu thuc logic:

a) Ban dugc cong nhan 1a sinh vién xut sic trong I16p nhung ban khong lam hét bai tap trong
quyén sach nay.
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Ban nhan duoc diém gioi trong ki thi cudi khoa, ban lam hét bai tap trong quyén sach nay va
ban sé dugc cong nhan 1a sinh vién xuét sic trong lop.

Dé duoc cong nhan 14 sinh vién xuat sac trong 16p ban can phai nhan duoc diém gioi trong ki
thi cudi khoa.

Ban nhan duoc diém gioi o ki thi cubi khoa, nhung ban khong lam hét cac bai tap trong
quyén sach ndy, tuy nhién ban vin dugc cong nhan 13 sinh vién xuat sic trong 16p.

Nhan dugc diém gioi trong ki thi cudi khoa, va ban lam hét bai tap trong quyén sach nay la
du dé ban duoc cong nhan 1 xuat sic trong 1op.

Ban s& duoc cong nhan 1a xuat sac trong I6p néu va chi néu ban lam hét bai tap trong quyén
sach nay hoic nhan duoc diém gioi trong ki thi cudi khoa.

6.3. Dua vao bang chén tri, hiy chi ra cong thirc nao 1a ddng nhat ding? Bdng nhat sai? Tiép
lién?
a) p—>(Vvq) e) p->q)-> (VY
b) p—> @A) ) G-oAlP->a9
c) gA(p~>q)~>p 9) epdeo((@rvErp)
d) pA(P~>q)~7 h (p-)->r)e(p->@-1)
6.4. Chirg minh cac cong thirc sau 1a ddng nhat dung bang cach 1ap bang chan tri hoic sir dung
diéu kién dong nhit dung.
a) p—=> - q d Geqep@ed
b) p=q-p e) p->qv@-r1)
) pPoqg-q ) [pvorA@->rA(@->n]->7
6.5.  Chirng minh cac tuong duong logic sau:
a) pA(p->q) = (@A d epep@eq
by pvipAg) ©p &) p®q & (< q)
) pA(pvg) =p ) preqge@eq
6.6.  Cac suy luan sau la ding hay sai? Giai thich?
p->(@-r) bp—q p->(@-r) p—orT p—q
pVs rVs g-p p—=q r
a) t-gq b) pvr ©) p d) q-s €) q
S ngos “r “T oS “pVT
Tt
po(@-r  PVa p-a pAg
roq pVvr r—q p— (rAq)
f) r 9) 7 DR Ky r->(sVt)
" p o q D s
ot
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6.7.

6.8.

Tim mét phan vi du ching to suy luan sau la SAI?

p beq
poT q-oTr
a) p—(qvT) by rvs
qVvs s->q
RN oS

Cho cac vi tu:

P(n): "(n+ 1)? > 2n", neN.

Qxy):"x+3y=5" x,y€EL.

Hay phat biéu ménh d& hoa luong tir sau va xac dinh gia tri chan 1y cta no.

6.9.

6.10.

a)
b)

a)
b)

b)

vn € N,P(n) C) Vx €Z,3Ay €Z,Q(x,y).
In € N,P(n). d) I3x € Z,Vy € Z,Q(x, y).
e) Ix € Z,3y €Z,Q(x,y).

Xac dinh pha dinh cta cac ménh dé luong tir hoa sau? Xac dinh gia tri chan Iy caa cac ménh
dé do?

Vx ERVyeER x + 2y > 1.

Vx ER Iy ER,x + 2y < 1.

Dich cac suy dién sau thanh cac biéu thic logic? Suy dién d6 1a dung hay sai? Giai thich?

Biét rang khong co con Vit nao sin long khiéu vii ca. Khoéng c6 vién si quan nao tir chdi
khiéu vii. Nhung toan bo dan gia cAm caa t6i 1a vit bai vay, toan bo dan gia cdm cua toi
khong phai la cac si quan.

Tat ca nhitng dira bé 1a khong logic. Ma nhirng nguoi khong logic thi bi coi thudong. Thé
nhung, khong ai bi coi thudng néu cai quan duoc ca sau. Do vay nhiing dira bé khong cai
quan dugc ca sau.

Tat ca cac giai thich rd rang déu 1a thoa dang. Mot sb 1y do 1a khong thoa dang. Vay cb6 mot
s6 1y do khong phai 1a giai thich rd rang.
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