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Briznp-Cammuicey Iniees
Brain-Computer Interfaces

@ Brain-Computer Interfaces (BCl) are communication systems
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EEG-based Brain-Computer Interfaces Brain-Computer Interfaces
Visual Speller

@ Users sit in front of a screen
o Concentrate on a target letter

@ One random letter highlighted in each single-trial
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Frenzel et al. (2011)
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EEG-based Brain-Computer Interfaces

Event-Related Potentials

Classification of Event-Related Potentials

@ Recognition of target letters induces characteristic EEG signals
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EEG-based Brain-Computer Interfaces Classification of Event-Related Potentials

Binary Classification Problem

@ Distinguish the target trials from the rest
@ As few training samples as possible

o Utilize structure of Event-Related Potentials
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Homoscedastic Normal Model
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@ Appropriate model of event-related potential distributions
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Linear Discriminant Analysis

o Fisher's linear discriminant (LDA) function: §¢(x) = w’x

@ Maximum likelihood parameter estimation using training data
@ Problem: Estimation of covariance matrix X

o with 32 channel, 40 time points, ~ 10° entries

e but sample size n only in thousands
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Linear Discriminant Analysis

@ Bickel and Levina® showed that the sample LDA is as bad as
random guessing when 2 — oo

@ The asymptotic error rate & of sample LDA given by®
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where J; = p“_[*;o(ﬂl — ) TE T (g — o)y = ph—>r2<> Bk =

lim n%, k = 1,2, ® Gaussian cumulative function
p—00

o Regularization: Successful event-related potential classifier?
() =1-7Z+l

where v = tr(X)/p, v € [0,1]: a tuning parameter
!Bickel et al. (2004)
Blankertz et al. (2011)

®Serdobolskii (2000)
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Multi-Step Linear Discriminant Analysis
Two-Step Linear Discriminant Analysis

@ Divide all features x € R” into g groups
X1
Xq

WhereijRpja .j:]-a"'aq) P1++qup

Definition 1

Two-step LDA function is defined by

0" (x) = 0F(3F (x1), - -, 0F(Xq)) (1)

where 0 denotes the LDA function
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Multi-Step Linear Discriminant Analysis
Two-Step Linear Discriminant Analysis

X1 Xq

LDA LDA

LDA
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Multi-Step Linear Discriminant Analysis
Two-Step Linear Discriminant Analysis

Theorem 1

Let A = (6r(X1)---0r(Xq)). Suppose that p,, p, and X are known
then A has common covariance matrix ® and means :t%m given by

q 9 _ 9 1 4
O = EBaJ-T- EB):J-l-Z- @ZJ-1~ D aj
=1 7 = j=1 j=1
=l o F—
m:(mla"'vmq)7 mJ:anj aj,_]—l,"'7q
where X;: covariance matrix of X;, & = p; — a=[af, -, al]"
) ) =M Mo, - 1> )y g )

aJGRpf,jzl,M]

Two-step LDA asymptotic setting

p; dooodt
° 1r21'a<xq#’"% =0, — ¢, BB 5 vy € [0,00),8,c €(0,1)

o Iim m"®@ m=4
p—>00
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Multi-Step Linear Discriminant Analysis
When g1, 1, and X are unknown

Regularity conditions

@ There are c1, ¢ such that ¢; < all eigenvalues of X < ¢

o The mean = [pu],--- ,un T satisfying that
oo
uje B = Ba,d: {22(21,22,...) Eb: Zajzjz < d2},
j=1
where a = (a1, ap,---), and aj — o0

The error rate of sample Two-step LDA 6*(x) satisfies
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Multi-Step Linear Discriminant Analysis and Separable Models JESIS-EIET ML
Separability

The spatio-temporal features X(c; t) satisfy

cov(X(cr; t1), X(c2; 02)) = CO(er, ) - CO(t1, 1) (2)

where C%) and C(Y) are spatial and temporal covariance functions
respectively

e From (2), the covariance of X is
F—UoV,

where spatial covariance V = [C(®)(c;, ;)] and temporal
covariance U = [C()(t;, t;)]
o EEG signals fit separability test*

“Mitchell et al. (2006)
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Multi-Step Linear Discriminant Analysis and Separable Models JESIS-EIET ML

Separability
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Figure: Pooled covariance matrix of all features
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Upper Bound of Error Rate

Theorem 3

Suppose that spatio-temporal features x are drawn from the normal
distribution with known i, pto and X, moreover ¥ = U ® V, then
the error rate e; of the Two-step LDA can be bounded by:

2y/k(Uo) , 4
e1 < el o(———=d (e
1 > €2 > (l—f—H(UO) (1))
e1: LDA error, k(Up): condition number of temporal correlation
matrix Uy = Dy*/2UDG?, DG Y2 = diag(ur/?, -+, urt/?).

o If temporal features are independent then Ko =1 and e; = ¢
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Multi-Step Linear Discriminant Analysis and Separable Models Error Rate

Upper Bound of Error Rate

e, bound

Figure: The bound on the error rate of Two-step LDA as a function of
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How to Group Features

10 T T T T T T T T T

6f ] - log k(V)
- log k(U)

@ Features should be ordered according to their time index
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Learning Curves

Visual speller data from 9 subjects®

Train classifier using the first n samples and apply them to the
remain ones

Number of features p = 1280

Since target trials are rare overall error rate is not a
meaningful performance measure

Instead we consider AUC value

3Frenzel et al. (2011)
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Learning Curves
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Figure: Two-step LDA,
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Thank you for your attention
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