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TOM TAT

Chiing toi da dua ra mot huéng tiép can da buéc trong hoc may va ap dung né
dé phan loai dit lieu tir nhitng giao dién may tinh-bo ndo dita trén nén tang séng dién
nio, tham khao Huy, 2013. Huéng tiép can nay rat hiéu qua cho nhing kiéu dit licu
séong dién ndo trén, tham khao Huy va dong nghiép, 2012; Huy, 2013. Dau tién tat ca
cac thuodc tinh dude phan chia thanh ciAc nhém con va phan tich khac biét tuyén tinh
ctia Fisher (LDA) dugc st dung tinh diém cho m&i nhéom thugc tinh. Tiép theo LDA
dugc 4p dung cho céc nhém con clia cac diém vira thu duge. Qua trinh nay dugce lap
lai cho dén khi con lai mot diém duy nhat, diém nay dudc sit dung cho phan loai. Bang
cach nay ching t6i tranh phai u6c Iugng ma tran hiép phuong sai s6 chiéu 16n. Ching
toi goi phuong phap trén l1a phan tich khac bigt tuyén tinh da buée (multi-step LDA).
D6i v6i mo hinh chuan, ching t6i di nghién ctu tiém can ctia sai lam phan loai khi
s6 chiéu d va dung lugng mau n tién dén vo cling, tham khio Huy, 2013. Diéu nay chi
ra cach xdc dinh ¢6 ctia cdc nhéom ¢ moi bude. Thém nita ching toi dua ra can trén
cia do sai lam phan loai Iy thuyét d6i véi mo hinh khong gian-thoi gian chuan véi ma
tran hiép phuong sai c6 thé tach dugc, két qua nay goi ¥ cdch nhom cac thuoc tinh
hoiic diém cho loai dit lieu nay. Trong bao céo nay, ching toi kiém tra hieéu suit phan
loai ctia multi-step LDA v6i sit chil ¥ ddc biet t6i dit lieu ¢6 dung lugng mau nhé. Doi
v6i tin hiéu ndo bo clia mot thi nghiém giao dién may tinh-bo nio bdi Frenzel va dong
nghiép, 2011, multi-step LDA thé hién t6t hon phan tich khac biét tuyén tinh dugc
chinh quy hoéa (regularized LDA), phuong phap phan loai tién tién nhét cho kiéu dit
lieu nay, tham khéo Blankertz va dong nghiep, 2011.

Discriminant Analysis for Brain Signals
ABSTRACT

We introduced a multi-step machine learning approach and used it to classify data
from EEG-based brain-computer interfaces, see Huy, 2013. This approach works very
well for the above kinds of EEG data, see Huy et al., 2012; Huy, 2013. First all features
are divided into subgroups and Fisher’s linear discriminant analysis (LDA) is used to
obtain a score for each subgroup. Then it is applied to subgroups of the resulting scores.
This procedure is iterated until there is only one score remaining and this one is used
for classification. In this way we avoid estimation of the high-dimensional covariance
matrix of all features. We call the above method multi-step linear discriminant analysis
(multi-step LDA). For the normal model, we studied the asymptotic error rate when
dimension d and sample size n tend to infinity, see Huy, 2013. This indicates how to
define the sizes of subgroups at each step. In addition we presented a theoretical error
bound for the spatio-temporal normal model with separable covariance matrix, see Huy
et al., 2012, which results in a recommendation on how subgroups should be formed



for this kind of data. In this report, we investigate the classification performance with
special attention to the small sample size case. For brain signals of the brain-computer
interface experiment by Frenzel et al., 2011, the multi-step LDA performs better than
regularized linear discriminant analysis (regularized LDA), which is the state-of-the-art
classification method for this kind of data, see Blankertz et al., 2011.

1 DAT VAN DE

“Ngay nay dit liéu s6 chiéu 16n xuat hién trong hau khap cac linh vigc nhu cong nghé
thong tin, tin sinh, thién van hoc, ...”, tham khao Biihlmann va van de Geer, 2011.
Déi v6i nhitng loai dit lieu nay, s6 thudc tinh thuong 1én hon rat nhiéu dung lugng mau.
Trong béo céo nay ching toi tap trung vao dit lieu séng dién ndo sb chiéu 16n tir nhitng
giao dién may tinh-bod ndo. Dich dén that sy clia nhitng giao dién may tinh-bo nio 1a
phéan loai séng dién nao tuong ting véi trang thai ctia ndo bo. Tuy nhién “the curse of
dimensionality” 1am van dé nay trd nén rat phic tap, tham khéo Lotte va dong nghiép,
2007.

Krusienski va dong nghiép, 2008 da chi ra rang cac phuong phap phan loai tuyén
tinh 14 da va sy thém vao clia nhitng phuong phéap phi tuyén 14 khong can thiét. Xu
huéng chung ciing dé cao nhitng phuong phap phan loai don gidn nhu phan tich khac
biét tuyén tinh c6 dién ctia Fisher hon nhitng phuong phap phic tap, tham khéo Nicolas-
Alonso va Gomez-Gil, 2012. Trong thuyc té, LDA van 13 mot trong nhitng phuong phap
phan loai dit lieu dudc stt dung rong rai nhat. D6i v6i hai phan phoi chuan cé ciing ma
tran hiép phuong sai ¥ va vector trung binh khac nhau g, s, LDA cuc tiéu hoa do
sai lJam phan loai, tham khao Mclachlan, 1992; Hastie va dong nghiép, 2009. Diém hay
gia tri ham phan loai dF ciia LDA déi véi quan sat X duge xac dinh béi

Sr(X) = (X - )= e vl o=y —py va p= %(l’/l + Hy).

Trong thyc tién ching ta thuong khong biét X va u,;, do d6 phai u6c lugng ching tit
dit lieu huan luyén. Phuong phap nay rat hieu qui cho dit lieu sé6 chiéu nhd, nhung
sy u6c lugng X trd nén thige sy khé khan cho dit lieu s6 chiéu 16n, tham khio Ledoit
va Wolf, 2002. Khi dung lugng mau n ctia dit lieu huan luyén nhé hon s6 thuoe tinh
d thi ma tran hiép phuong sai mau cap d x d, ! khong kha nghich. Gid nghich dao
Moore-Penrose c6 thé dugce st dung nhung diéu nay sé lam suy yéu phan loai. Tham
chi khi n 16n hon, nhung c¢6 ciing do 16n nhu d, sai s6 cong don khi wéc lugng rat nhiéu
phan ti clia ma tran hiép phuong sai sé lam ting dang ké do sai lam ctia LDA. Déi véi
dit lieu séng dién nio trong mot thi nghiém vé giao dién mAay tinh-bo niao bdéi Frenzel
va dong nghiep, 2011, & d6 100 < n < 250 va d = 1024, nhitng diéu nay sé dugc thé
hién ré trong muc 3.

Mot phuong phép c6 thé khic phuc van dé trén la regularized LDA, & d6 boi s6
clia ma tran don vi I dudc cong thém vao ma tran hiép phuong sai mau, tham khéo
Friedman, 1989. 3 + I kha nghich déi v6i moi r > 0. Tuy nhién dé xac dinh tham s6
r t6t nhat, ching ta c6 thé phai 4p dung nhitng thuat toan t6i wu héa phic tap.



Bickel va Levina, 2004 dé nghi mot gidi phap don gidn hon: bd qua sy tuong quan
gitta cac thudc tinh va st dung ma tran chéo Dy = diag(X) ctia X thay cho ma tran
hiép phuong sai 3. Phuong phap nay duge goi 1a Independence Rule. Ham phan loai
07 cua noé dude cho béi

61(X) = (X — p)"' Dglen.

Tuy nhién ngay ca véi Independence Rule sit dung tat ca cac thudc tinh c6 thé tdi nhu
dir doan ngau nhién do syt cong don sai s6 khi wéc luong nhiéu phan tit cia vector trung
binh, tham khéo Fan va Fan, 2008. Vi vay Fan va Lv, 2010; Guo, 2010 da dwa ra mot
vai phuong phap phan loai trude hét lga chon nhitng thuoc tinh c6 4nh hudng qua gia
tri trung binh roi 4p dung Independence Rule cho nhitng thugc tinh vita Iya chon do.
Nhung phuong phap nay khong cyc tiéu héa do sai lam phan loai do bd qua sy tuong
quan cua cac thuoc tinh. Khi Iya chon nhiing thudc tinh cho phan loai, chiung ta khong
chi phai xac dinh nhitng thuoc tinh c¢6 dnh hudng qua gia tri trung binh méa con nhiing
thuoc tinh ¢6 4nh huéng nhd sy tuong quan ciia ching déi véi thuodc tinh khac, tham
khao Zhang va Wang, 2011. Day la van dé rat kho giai quyét khi d 16n hon rat nhiéu
so Vi n.

Huy va dong nghiép, 2012; Huy, 2013 da gidi thieu mot gidi phap khac. Giai phap
nay st dung mot vai chit khong phai tat ca cac hé s6 tuong quan ciia cac thudce tinh va
n6 rat hieu qua cho dit licu séng dién ndo s6 chiéu 16n tir nhitng giao dién may tinh-bo
nio. Trong béo cao nay ching toi thyc hien mot s6 kiém dinh théng ké cho nhan dinh
trén.

2 PHUONG PHAP MULTI-STEP LDA

Chiing t6i da dua ra phan tich khac bigt tuyén tinh da budc (multi-step LDA),
phuong phap nay ap dung LDA trong vai budc thay cho 4p dung n6é mot lan cho tat
cé céc thudce tinh. Dé trinh bay phuong phéap r6 rang nhung khong mét tinh téng quat
ching ta bat dau véi phan tich khac biét tuyén tinh hai budc (two-step LDA). Tat ca
d thuoc tinh ctia mot quan sat X € R¢ dugce chia thanh cédc nhém con roi nhau

T
X:[X’{’7Xg] ’

§ d6 X; € RP, v pg = d. LDA dugc &p dung dé tinh diém cho mdi nhém con cic
thuoc tinh. Trong budc thit hai, LDA lai duge 4p dung cho nhitng diém nay dé dua ra
diém toan bo st dung cho phan loai. Do d6 ham phan biét ciia two-step LDA 1a

6 (X) = 0p(0r(X1),--- ,0r(Xy)),

4 d6 6 biéu dién ham LDA. Hinh 1 minh hoa thii tuc two-step LDA. Gia dinh vé tinh
chuan can cho LDA sé théa méan trong budc thi hai. Phan phdi ciia diém cé thé tinh
dugc bang cach ap dung dai s6 tuyén tinh va tinh chét ctia phan phdi chuan nhiéu
chiéu.
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Hinh 1: Gidn do ctia two-step LDA.

Ménh dé 1. Gid sit X c6 phan phoi chuan vdi tham s6 py, py va 3. DE py — pu; =
(af,...,ad)" va Bi; € RP*P la ma tran con cia X tuong ing vdi hai nhém con i va
j sao cho B = ()] ,_,. Khi dé cic diem (5p(X1),...,0r(X,))" cing co phan phdi

chudn vdi ciing ma tran hiép phuong sai © va vector trung binh +(1/2)m cho bdi
91']' = a?Ei;lEijE;jlaj, m; = 91’1’7 V01 ’i,j = ]_, .. q.

Multi-step LDA sé ldp lai mdi bude nhu da duge miéu ta trong two-step LDA cho
dén khi con mot diém duy nhat va diém nay sé duge ding phan loai cho tat ca cac thuoc
tinh. Trong khuon khé bao céo nay, nhitng thit tuc multi-step LDA chia tét ca cac thuoc
tinh hay diém thanh nhitng nhém con lién tiép, roi nhau ¢ mdi buée. Nhitng nhém con
nay c¢6 cung dung lugng. Dung lugng ctia cac nhém con 6 buéde thi i, ¢ =1,...,1 duge
xac dinh 1a phan tit thit ¢ clia vector t = (py, ... p;) va ching ta gia st Hi:l p; = d dugc
théa méan. Vector t sé duge goi 1a kiéu ciia multi-step LDA. Trong bao cdo nay chiing
t01 sé goi thu tuc two-step LDA, multi-step LDA, LDA, hay regularized LDA m&u cho
nhitng thii tuc vira ké trén véi cac tham s duge uéc luong tir dit lieu hudn luyen.

3 KET QUA VA THAO LUAN

0 muc nay chung toéi 4p dung multi-step LDA v cac phuong phap phan loai tién
tién khac dé phan loai séng dién nao thanh hai 16p tuong tng véi trang thai ctia néo
bo. Du lieu séng dién ndo dugce chung toi sit dung trong bao cdo nay la cia mot thi
nghiém giao dién mAy tinh-bd ndo bdi Frenzel va dong nghiép, 2011. Mot giao dién
may tinh-bo ndo cé thé gitp ngudi sit dung dieu khién céc thiét bi dien tit hosic may
tinh bang cach chi sit dung hoat dong cia ndo bo. He théng nay nhan ra ¥ dinh cla
ngudi st dung duya trén dit lieu séng dién ndo quan sat dude. Do tién bo clia khoa hoc
k¥ thuat, sé gia tri séng dién ndo (hi¢u dién thé do dugc trén da dau) hay sb chiéu ctia
mdi quan sat X thuong rat 16n (d ~ 30000). Sau khi 4p dung nhitng phuong phap tién
xtt 1y s6 lidu tieu chuan cho kiéu dit lieu nay s6 chiéu d van con rat 16n (d = 1024).



n 100 125 150 175 200 225 250

lda 0.7704 | 0.7723 | 0.7824 | 0.7918 | 0.8010 | 0.8132 | 0.8157
cvrlda 0.7893 | 0.8018 | 0.8104 | 0.8130 | 0.8218 | 0.8347 | 0.8386
oprlda | 0.7823 | 0.7923 | 0.8030 | 0.8094 | 0.8162 | 0.8260 | 0.8296
tslda 0.7467 | 0.7767 | 0.7959 | 0.8100 | 0.8223 | 0.8367 | 0.8471
mtsldal | 0.8064 | 0.8223 | 0.8356 | 0.8434 | 0.8556 | 0.8620 | 0.8647
mtslda2 | 0.8079 | 0.8190 | 0.8281 | 0.8367 | 0.8414 | 0.8440 | 0.8500
mtslda3 | 0.8076 | 0.8192 | 0.8326 | 0.8414 | 0.8461 | 0.8516 | 0.8557
mtsldad | 0.8207 | 0.8309 | 0.8440 | 0.8489 | 0.8580 | 0.8646 | 0.8686
mtsldad | 0.7872 | 0.8079 | 0.8237 | 0.8306 | 0.8418 | 0.8503 | 0.8531

Béang 1: Trung binh gia tri AUC ctia LDA, regularized LDA, two-step LDA va multi-step
LDA qua 42 tap du liéu.

Trong khi d6 do yéu cau ctia viéc phan loai tryc tuyén, dung lugng ctia dit lieu huan
luyén n cang nhé cang tot. Doi véi dit lieu trén, n chi ¢ hang tram.

Khi ttng dung multi-step LDA chiing ta sé gap van dé chia cac thuoc tinh ¢ méi
buéc nhu thé ndo dé nhan duge két qua tét. Huy, 2013 da chi ra ring do sai lam clia
two-step LDA, multi-step LDA mau sé xap xi do sai lam 1y thuyét khi ¢& ctia méi nhém
thuoc tinh p;,i = 1,...,1 1a nhé so v6i dung luong mau cia dit lieu huan luyén n. Cu
thé bac do nho ctia p; so véi n nhu thé nao dude thao luan ti mi trong Huy, 2013. Hon
nita kiéu dit lidu trén duge cho 1a tuan theo mo hinh khong gian-thsi gian véi ma tran
hiép phuong sai c6 thé tach duge, tham khao Mitchell va dong nghiép, 2006; Genton,
2007. Huy v& ddng nghiép, 2012 chi ra riang, déi véi kicu dit lieu d6, chiing ta nén nhom
cac thuoc tinh tuong tng véi thoi diém khac nhau vio cidc nhém. Con trong trudng
hop téng quét ching ta nén nhém céc thuoc tinh sao cho giita cdc nhém cang doc lap
cang tot.

Two-step LDA, multi-step LDA dudc so sanh véi LDA va regularized LDA. Néu
dung lugng mau cta dit lieu huan luyén n < p + 2, ham LDA mau o khong xac dinh
do 3 khong ton tai. Ching toi thay 2_1 bdi gid nghich ddo Moore-Penrose clia 3.
Tham s6 chinh quy clia regularized LDA dugc tinh bdi cong thitc dua ra bdi Schifer
va Strimmer (oprlda) hodc x4c nhan chéo (cvrlda), tham khdo Huy va dong nghiép,
2012. O day ching toi stt dung 42 tap dit lieu v6i dung lugng mau tir 450 dén 477.
Déi v6i mbi tap dit lieu, n quan sat dau tién, véi n = 100, 125, 150, 175, 200, 225, 250
duge ding nhu dit lieu huan luyén, nhing quan sat con lai nhu kiém thit. Do mot
trong hai 16p c¢6 dung lugng nhé nén do sai lam phan loai khong phéi 13 danh gia
c6 ¥ nghia. Thay vio dé ching toi sit dung gia tri AUC, mot do do tieu chuan khac
trong danh gia hieu quéi cac phuong phap phan loai. Néu gia tri AUC cang gan mot
thi phuong phap phéan loai cang hoan hao. Trung binh ciia cac gid tri AUC qua 42 tap
dit lieu dugc trinh bay trong bang 1. D6i v6i nhitng tap dit liéu nay, cvrlda tét hon doi
chit so v6i oprlda. Trung binh gia tri AUC cta LDA (lda), two-step LDA (tslda), va
multi-step LDA véi kiéu (16,2,2,2,2,2,2) (mtsldal), (2,2,2,2,2,2,2,2,2,2) (mtslda2),
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Hinh 2: So sdnh hi¢u suit ciia multi-step LDA kiéu (16,2,2,2,2,2,2) va regularized
LDA qua 42 tap dit lieu. Mic ¥ nghia théng ké p duge tinh béi mot kiém thit xép hang
Wilcolxon.

(4,8,2,2,2,2,2) (mtslda3), (8,4,2,2,2,2,2) (mtsldad), (32,2,2,2,2,2) (mtslda5) cing
duge dua ra trong bang nay. Trit LDA, two-step LDA va multi-step LDA véi kiéu
(32,2,2,2,2,2) hiéu suat phan loai ctia chiing déu t6t hon regularized LDA, phuong
phap tién tién nhat cho loai dit liéu nay cho t6i thoi diém hién nay.

Ching ta thiy ring hiéu suat clia two-step LDA va multi-step LDA véi kiéu
(32,2,2,2,2,2) toi dbi v6i n nhd, nhu n = 100 nhung t6t hon déi véi n 16n, nhu
n = 250 so vé6i regularized LDA. Diéu d6 c6 thé dugc giai thich béi 4nh hudng clia
s6 chiéu 16n, khi trong two-step LDA, chiing ta thuan tty ap dung LDA déi v6i mdi
nhém thuoc tinh véi dung luong p; = 32 & buée dau tien. Khi n ting téc do hoi tu cla
do sai lam two-step LDA mau t6i gia tri Iy thuyét nhanh hon LDA, tham khao Huy,
2013. Diéu nay ly gidi tai sao trung binh gia tri AUC clia two-step LDA tai n = 250
cao hon clia LDA va regularized LDA. Diéu d6 c6 thé 1a mot 1¢i thé dang ké trong thuc
tién ctia multi-step LDA, do dit liéu huan luyén tit cAc nghién citu vé giao dién may
tinh-bo ndo thudng nhd, dic biet tit cic giao dién may tinh-bo ndo tryc tuyén. Hien
tuong trén ciing dugce thay trong hinh 2. Hinh vé nay trinh bay biéu do hop ciia nhiing
gia tri AUC ctia regularized LDA st dung xac nhan chéo (cvrlda) va multi-step LDA
kiéu (16,2,2,2,2,2,2) (mtsldal) qua 42 tap dit lieu nhu trén. M&i biéu dd con tuong
ting v6i dung lugng mau n tit 100 dén 250. Nhu trung binh gia tri AUC trong bang
1, trung vi ctia multi-step LDA kiéu (16,2,2,2,2,2,2) 16n hon regularized LDA. Miic
v nghia théng ké p dudc tinh bdi mot kiém thit xép hang Wilcoxon. Dau tién gia tri
p giam cho dén n = 175 rdi tang. Diéu nay cé thé giai thich nhu sau. multi-step LDA
c6 tdc do hoi tu nhanh hon regularized LDA. Khi n di 16n, do sai lam ctia multi-step



LDA sé 6n dinh trong khi do sai lam ctia regularized LDA vAn trong qué trinh hoi tu.
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