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Benford's Law, also called the First-Digit Law, refers to the
frequency distribution of digits in many (but not all) real-life
sources of . In this distribution, 1 occurs as the leading digit
about 30% of the time, while larger digits occur in that position
less frequently: 9 as the first digit less than 5% of the time. It
has been shown that this result applies to a wide variety of data
sets, including electricity bills, street addresses, stock prices,
population numbers, death rates, lengths of
rivers, and , and processes
described by (which are very common in nature). It
tends to be most accurate when values are distributed across
multiple

It is named after physicist , Wwho stated it In
1938, - although it had been previously stated by
in 1881.
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http://en.wikipedia.org/wiki/Mathematical_constant
http://en.wikipedia.org/wiki/Power_law
http://en.wikipedia.org/wiki/Order_of_magnitude
http://en.wikipedia.org/wiki/Frank_Benford
http://en.wikipedia.org/wiki/Benford's_law#cite_note-Benford-1
http://en.wikipedia.org/wiki/Simon_Newcomb
http://en.wikipedia.org/wiki/Benford's_law#cite_note-Newcomb-2

Each bar represents a digit, and the height of the bar is the percentage of
numbers that start with that digit.



. Th% iscovery o Fsawrgoes back fo 1881, whe the

astronomer noticed that in tables (used at that
time to perform calculations) the earlier pages (which contained numbers
that started with 1) were much more worn than the other

pages.'< Newcomb's published result is the first known instance of this
observation and includes a distribution on the second digit, as well.
Newcomb proposed a law that the probability of a single number Nbeing the

first digit of a number was equal to log(N + 1) — log(N).

 The phenomenon was again noted in 1938 by the physicist

,“- who tested it on data from 20 different domains and was credited
for it. His data set included the surface areas of 335 rivers, the sizes of 3259
US populations, 104 , 1800 , 5000
entries from a mathematical handbook, 308 numbers contained in an issue
of , the street addresses of the first 342 persons listed
In American Men of Science and 418 death rates. The total number of
observations used in the paper was 20,229. This discovery was later named
after Benford (making it an example of ).
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V&i nhidu tap hop so6 dworc tao bO’I do thong k&, tinh toan tua
qui luat sau:

~

n theo

(Dy = d)

0. 1197
().A010 0.1139
0.1761 (. LORS
(0.1249 0. 1043
(0.0969 0. 1003

P(Dy=dq) = log{1+1/ dy ),
e {12,. 9
9

P{Da=ch) = Z log{1+1/{dyda));

Tt

d1=1
dze{12,... 9}

P(Dy Do=chdy) = log{1+1/(dh da}},
dich e {10,11,... 99}

0.0792 0.0967
(1.0669 0.0954
(.0580 0.0904
(0.0512 0.0876
(0.0458 (.0850)

D1.: first significant digit,
D2 :second digit of numbers.

Number D1 D2

613 ¢ §) 1

0.0002867+« 2 8

-71 e 7 1 Benford, F. (1938), The law of anomalous numbers,
1,053,832 1 0 Proc. Amer.Philosophical Soc. 78, 551-572.



« P3 co6 nhiéu_thtr nnghiém doi voi Luat Benford, vi du: hinh anh sau la
biéu do vé tan s6 cac chir s6 dau tién cua do cao cta 122000 thanh
phé trén thé gidi (v&i 2 don vi do khac nhau, meters va Cubits (One
Royal Egyptian Cubit = 523 mm)

30% - 30%
Distribution of first digit (Meters) (Royal Egyptian Cubits)

4 5 6
Leading Digit Leading Digit




Khéi lwong giao dich cb phiéu trén san NASDAQ trong 10 ndm(2002-2012) va

khdi lwong xuat/nhap khau céac loai ca, loai giap xac, ddong vat than mém
cua My trong nam 2011 — tuan theo luat Benford.

30% 30% -

Import/Export volumes for

sales of fish, crustaceans,
mulluscs and aquatic
invertebrates from USAin 2011

Daily volume of shares on
25% . — 25% -

NASDAQ for last 10 years

20% - 20% -

15% -

15% -

10% -

10% -

5% 5%

1 2 3 4 5 () 7 3 9 1 2 3 4 5 () 7 3 9
Leading Digit Leading Digit
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v&i co sO 10 hodc co sb bét Ky b:

In a form more complete than (1.1), BL is a statement about the joint dis-
tribution of all decimal digits: For every positive integer m,

. . m _oy 1N
Prob ((Ds, Dy, ..., D) = (dy, da, ...,ti.m_}__}:lngl.:,(1+(Z'_ 10m~7d, ) )

=1

{'1 2)

holds for all m-tuples (dy, ds,...,dmn), where d; is an integer in {
for j = 2, d; is an integer in {0,1,...,9}; here Dy, D4, D, '[tL re l::ll““-».l“‘l]t thi
second, third, forth ete. significant decimal digit, e.g.

» Cac khai niém vé day so Benford (Benford sequences), tap hop
Benford (Benford set) dwoc dwa ra va nghién curu.

(Arno Berger, Theodore P. Hill (2011). A basic theory of Benford’s Law. Probability
Surveys,Vol. 8 (2011) 1-126;ISSN: 1549-5787;DOI: 10.1214/11-PS175)



NG DUNG LUAT BENFORD TRONG PHAT HIEN GIAN LAN
VA SAI SOT TRONG THONG KE VA KE :I'QAN

Mot tap hop sé thure tuan theo luét Benford(*) néu:
+ Cung mét hé do

+ Khéng thudc vao mét hé théng qui dinh truée
( vi du s6 hiéu tai khoan, s6 CMND, ...)

v
v
v
v + Khéng bj han ché vé gia tri Ién nhéat va nhd nhéat
v
v
v + C6 sé lwong du I6n

v Phwong phéap

v - Tap hop cac khoan muc chi tiéu trong sé sach ké toan tuan theo luat Benford

v' - Tap céc s0 liéu diéu tra, thong k&, thuc nghiém vé mét linh vire (thda mén mot so
diéu kién (*) tuan theo luat Benford

v 'I:c“3ng hop 0 cac chir s6 dau va chir so thr hai clia tap di liéu, tinh ti 18 % so voi
tong sO - so sanh vai ti 1€ % ly thuyét cua Luat Benford (Iap bieu dé dé dé nhin)

v" + Néu chiing khdng phu hop va vuet qua mot nguwéng nao do thi can nghi ngo va di
sau kiém tra tai nhirng gia tri vwot qua.
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m— ACTUAL - UPPER —6— LOWER —e—BENFORD'S LAW




Vi du ve viéc phat hién gian 1an ciia Wayne James Nelson

50%
=== Fraudulent Invoices + Benford's Law
45%
A0% In 1993, in State of Anzona v. Wayne James
355 Nelson (CV92-18641), the accused was found
State of Arizonav. D BT AT TR EAE TR
0% —®—— million, by diverting funds to a bogus vendor.
Wayne James Nelson
25% The perpefrator selected payments with the
20% intention of making them appear random: None
of the check amounts was duplicated, there were
15% ‘“ no round-numbers, and all the values included
10% - ¢ L dollars and cents amounts. However, as
L ¢ A Benford’s Law i1s esoterically countenntuitive,
% - he did not realize that his seemingly random
0% - | | looking selections were far from random.

Leading Digit




Benford's Law does not just apply to the first digit. The system can be applied to look at the expected distributions for the first n-digits of
numbers. Here, for instance is the same NASDAQ data plotted based on the leading 2-digits alongside the theontcal Benford
distribution.

4.5% E

Leading 2-digit Analysis

oy, |
“IMIMIMI Benford Distribution

4.0%

3.5%

3.0%

2.5%

2.0%
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Nghién ctru veé cac khoan phai tra caa cong ty GM

PROPORTION
=
=
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FIRST DIGIT

=ictal —— Benford's Law

(http://www.nigrini.com/benfordslaw.htm)



Nghién ctru ve cac khoan phai tra caa céng ty GM
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Nghién ctru ve cac khoan phai tra caa céng ty GM
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» Hién nay chc nang kiém tra sw phi hop
vOi luat Benford da dwoc tich hop trong
nhiéu phan mém kiém toan, thong keé:

 IDEA

e ACL
 Benford's Law Excel 2007/2010



Hwéng dan st dung Excel
klem tra L Luat Benford

———E

« Céac budc tién hanh

« 1-Taifile dir liéu vao

« 2- O cot sb can kiém tra can chuyén céac sb vé dang c6 chir sé dau
khac O

« 3- Dung ham Left(X,1) dé lay ra chir s6 dau tién cta cac sb

. 4- Dung Subtotal (count) dé tinh sé cac chir s6 khac nhau.

* 5-Copy két qua ra vi tri khac va tinh toan ti 1& % cda mau chon va
dong thoi tinh gia tri% theo luat Benford

*  6- DUNng chirc nang vé biéu do (Chat) dé vé bieu do cho mau kiem
tra va biéu do luat Benford.

. Chi tiét, xem

- (Phan sau chung toi trinh bay viéc thyc hanh st dung Luat Benford
trén Excel)


http://www.theiia.org/intAuditor/media/files/Step-by-step_Instructions_for_Using_Benford's_Law.pdf
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