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Exercise 1 (3 points): Use any method to integrate each of the following integrals

a) (1p) fo@zsin\/}dx; b) (2p. fmdx.

x3_x2
Exercise 2 (3 points): Considering the definite integralfoz(x2 — x)dx.

a) (0,5p.) Give a partition of the integration interval [0,2] into n equal subintervals.

b) (1.5 p.) Find the Riemann sum for the integrand on [0,2], associated to the above partition and
right-hand endpoints.

c) (0,5 p.) Evaluate the limit of the Riemann sum as n goes to infinite to give the value of the
integral.

d) (0.5 p.) Draw the graph of the function f(x) = x? — x on [0,2] and give a geometric meaning of
the integral.

1

——dx.
Var+1

Exercise 3 (2 points): Show that the following improper integral is convergent f1+°O

Exercise 4 (2 points): Solve the differential equation (x? + 1)y’ = xy.
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Exercise 1 (3 points): Use any method to integrate each of the following itegrals

x*+4x?+2x-1

a) (1p) fo(g)z cosVx dx; by 2p.) [————dx

x34 x?2
Exercise 2 (3 points): Considering the definite integral fol(x2 + 2x)dx.

a) (0,5p.) Give a partition of the integration interval [0,1] into n equal subintervals.

b) (1 p.) Find the Riemann sum for the integrand on [0,1], associated to the above partition and
right-hand endpoints.

c) (1 p.) Evaluate the limit of the Riemann sum as n goes to infinite to give the value of the definite
integral.

d) (0,5 p.) Draw the graph of the function f(x) = x? + 2x on [0,1] and give a geometric meaning
of the definite integral.

1

Exercise 3 (2 points): Show that the following improper integral is divergent f:wﬁdx
X

Exercise 4 (2 points): Solve the differential equation y’ = y?sin x.
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1 | @) | Use the substitution t = v/x, hence dx = 2tdt 0.25
@p.) Change the limits of integration x = 0, so u = 0; —(E)Z =z
ange the limits of integration x = 0,sou = 0;x = (3) ,sou = ; 0.25
The initial integral becomes 2 [t sint dt 0.25
By IBP we get
Vi i
z z 0.25
Zf tsintdt = -2 f td(cost)dt
Q 0
T3
=-2 ’[t cost]g — f cost dt‘ 0.25
0
z z 0.25
=-2 [ tcost]y — [sin t]z] = 2.
b) | Making the long division w x+1+ %Zi;z, 0.25
3—x —-X
and partial fraction: % x+1+ 025
2
%2 0.25
L3
x—1 0.25
. . x2 2 0.25
Hence the integral is equal to S tx+ In|x| + St 3ln|lx —1|+ C,forC € R. 0.5
2 | @) | The width of asubinterval is A,==—= Z, 0.25
@p) hence the partition is given by the subintevals [x, xx 411,
2 2 0.25
where xo = 0,x; = 1 Xy = 2— X = k.;,...,xn= n.-—=2.
b Choosing ¢, = xj, = k.;,k =1,..,n, 0.25
) then the Riemann sum associated is
n n n
2 2 2 2 0.25
z _ -z Z)2 _ zZ
Gn_nz(xk i) n[z (k n) an]
k=1 - k=1 - k=1
2[4 , 2
=215 =2k 0.25
nin n
k=1 k=1
_2 [in(n+1)(2n+1) _ En(n 1)] 0.25
" nln2 6 n 2 0.25
_ 2(n?+3n+2)
- 3n3 0.25




2

©) | limy 0 = 5, 0.25
hence the integral is % 0.25
d) | Draw the graph of the function f(x) = x? — x on [0,2]. 025
A geometric meaning of the definite integral: its value, g is the area of the region
enclosed by the graph of f, the x-axis , and the vertical line x = 2. 0.25
3 For every x > 1 we have x* + 1 > x* > 0, and so 0.95
2p.) < LY :
Ty 0.25
. . 40 —4 x_1/3 * .
On the other hand the impoper integral fl x fadx = [T] = 3 is convergent, 1
311
therefore the given integral is also convergent by comparison. 0.5
4 It is clear that y = 0 is a particular solution of the eqution. (8] 0.25
2p.) If y # 0, separating variables we get
dy _ xdx 0.25
y  x2+1
Integrate the above equation
ay _ xax
[2=155 0.25
dy 1 d(x%+1)
fy _Zf x2+1 0.25
Inly| = 0.25
~In(x? +1) +In D, for D > 0. 0.25
Therefore y = CVx? + 1, for C # 0. 2 025
Sumarizing (1) and (2) we conclude that every solution of the differential equation 0.25

is of the formy = Cvx2 + 1, for C € R.
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1 | @) | Use the substitution t = v/x, hence dx = 2tdt 0.25
@p) Change the limits of integration x = 0, so u = 0; —(E)Z =z
ange the limits of integration x = 0,sou = 0;x = (3) ,sou = ; 0.25
The initial integral becomes 2 [t cos t dt 0.25
By IBP we get
T i
2z z 0.25
2] tcostdt =2 f td(sint)dt
0
T3
=2 [[t sin t]y — f sint dt‘ 0.25
0
z z 0.25
2 [[t sint]3 + [cos t]é] =1 —2.
b) | Making the long division
x*+4x?+2x -1 1_{_5x2+2x—1 0.25
x3 4+ x2 = x3+x2
. L xtax4ox—1 3
and partial fraction: ————=x -1+ ~ 0.25
1
x? 0.25
2
x+1 0.25
. . x2 1 0.25
Hence the integral is equal to s —x+ 3n|x| + -t 2In|lx + 1|+ C,forC € R. 0.95
2 | @) | The width of asubinterval is A ===, 0.25
@p) hence the partition is glven by the submtevals [xk,xk+1]
2 0.25
Wherex0—0x1—1 x2—2 xk—k— DXy = M= 2
Choosing ¢, = x;, = k.;,k =1,..,n, 0.25
b) then the Riemann sum associated is
n n n
2 2 2 2 0.25
_z 2 _z )2 z
On = - Z(xk + Zxk) n[z (k. ) + Zz k.n]
k=1 k=1 k=1
k2 0.25
“n n2
_2 [4 n(n+1)(2n+1) in(n+1)] 0.25
" nln2 6 n 2 0.25




__ 4(sn%+6n+1) 0.25
~ 3p3 '
c) limy,_,., oy, = 2%, 0.25
hence the integral is 23—0 0.25
d) | Draw the graph of the function f(x) = x? + x on [0,2]. 025
A geometric meaning of the definite integral: its value, 23—0 is the area of the region
enclosed by the graph of f, the x-axis , and the vertical line x = 2. 0.25
3 Forevery x > 1wehave 0 < x2+ 1 < x? + x2 = 2x2,and so 0.95
2p) S N :
o e w070 0.25
On the other hand the impoper integral [ s=x /3 = i[&r = +wis
poperintedrally =¥ =%, T 1
divergent,
therefore the given integral is also divergent by comparison. 0.5
4 It is clear that y = 0 is a particular solution of the eqution. (8] 0.25
2p.) If y # 0, separating variables we get
y : 0.25
— = sin xdx
Y
Integrate the above equation
[ 2 = [ sinxdx 0.25
y? ’ 0.25
l=cosx+CforCE]R,so 0.25
g 0.25
Therefore y = COSIHC, for C € R. 2 0.25
Conclusion : the solutions of the equation are given by (1) and (2). 0.25




