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N&i dung chinh

€ Khong gian véc to
© Doc lap tuyén tinh
e Khéng gian con

© Co 5 va sb chiéu cia KGVT
@ KGVT hitu han chiéu
@ Toa db clia mdt véc to



M6t tap hop E # () cing véi phép cong, ky hiéu (4), va nhan
v6 huéng, ky hiéu la (.), trén E dugc goi la mdt khong gian
véc to trén R néu céc tién dé sau dugc thda man,

e D&i véi phép cong: véi moi u,v,w € E
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u+veeE;

Tinh giao hodn: u+v =v+ y;

Tinh két hop: (u+v) +w =u+ (v + w);

C6 phan tir khéng: c6 mét phan tir 6 € E sao cho
u+0=0+u=u;

C6 dbi xiing: c6 ' e Esaochou+ v =uv +u=0, o
dugc ky hiéu la —u;



M6t tap hop E # () cing véi phép cong, ky hiéu (4), va nhan
v6 huéng, ky hiéu la (.), trén E dugc goi la mdt khong gian
véc to trén R néu cic tién dé sau duoc thda man,

e D&i véi phép cong: véi moi u,v,w € E
(1) u+veE
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Tinh giao hodn: u+v =v+ y;

Tinh két hop: (u+v) +w =u+ (v + w);

C6 phan tir khéng: c6 mét phan tir 6 € E sao cho
u+0=0+u=u;

C6 dbi xiing: c6 ' e Esaochou+ v =uv +u=0, o
dugc ky hiéu la —u;

e D&i v6i phép nhan v hudng: moi «, 3 € R

au € E;

a(u+v) =au+av;

(o + B)u=au+ Bu;
o(Bu) = (aB)u = Blau)
lu=u;



Mét sb vi du v KGVT

Khong gian véc to thuc R”

Khéng gian cdc ma trén cép m x n trén R, ky hiéu
Mat(mjn)(R)

Khong gian cac da thic bac khdng qué n, ky hiéu P,[x].



Mbt sb tinh chat

1) Véc to khdng va véc to dbi I3 duy nhit
2) Ou =6 véi moi u
3) af = 0 véi moi «
4) (-u=—u
5) N,u au =0 thi « =0 hodc u= 0. T dé,
néuaU—ﬁu u#6thia=g,
néu au = av, a # 0 thi u=6.



Déc 1ap tuyén tinh

Dinh nghia 1

|

Cho mét hé véc to U = {uy, up, ..., u,}. Ta goi mét t8 hop
tuyén tinh cta U la mét véc to dang
kiuy + kouo + ... + kyu, := u véi cac k; € R.

|
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Dinh nghia 2

Mét hé véc to U= {ul, U, ..., u,} trong KGVT E dugc goi
13 doc 14p tuyén tinh néu gia sk

k1U1+k2U2+...—|—k,,U,,:(9:>k1:k2:...:k,,:0.

(giita cac véc to khdng cb quan hé tuyén tinh)
Néu khong hé U dugc goi 1a phu thubc tuyén tinh.

MGt so vi du
\.l A ?
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Mbt sb tinh chat

1)

Moi hé con clia mét hé DLTT thi DLTT. Tu dé,
moi hé chita mét hé con PTTT ciling PTTT. Dac biét mét
hé chira véc to 6 [a PTTT.

Néu hé U PTTT khi va chi khi c6 mot véc to trong U la t8
hgp tuyén tinh cta cic véc to khac.

Mbt véc to bidu didn tuyén tinh theo mét hé DLTT thi
cich biu di&n 13 duy nhit. Cu thé,

néu U= {uy, up,...,u,} DLTT va

U= kyty + kot + ... + k,u thi cac k; 1a duy nhét.



Hang cliia mét hé véc to

Dinh Iy 1

Cho U ={uwu,up,...,us}, V={wvi,va,...,nn} la hai hé
DLTT cia E. Néu moi véc to clia U déu biéu thj tuyén tinh
theo cic véc to clia V thi n < m.
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Dinh nghia 3

Hang ctia hé véc to U = {uy, us, ..., u,} trong KGVT E 13 sb
véc to DLTT t6i dai cé trong U, ky hiéu 1a r(U) :=r.

Cha y:

1) Gid st Uy 1a mét hé con DLTT tbi dai cha U, khi dé moi
véc to trong U biéu dién tuyén tinh theo U;.

2) Céc hé con DTTT téi dai cia U déu c6 cling sb véc to = r.



Chdng minh: gid st phan ching n > m.
Ta c6 céc bdtt u; = > 7 a;v;, j=1,n.
Gia st zj';l kjuj = 0 thi phai c6 Vk; = 0.
Tuy nhién ding thic trén tuong duong véi

n

Z kJZ ajjVvi = RS Z(Z a,-jkj)v,- = 0.
j=1 =1 i=1

j=1

Do h& V DLTT nén phai c6 (? ¢6 cAn dk V ditt?)

Ton tai ki # 0 théa man hpt trén vi né cé nghiém khong tam
thudng do ¢ m pt ma cé n &n sb va m < n.
Nhu vdy dan dén mau thuan. Viy n < m.



Vi du: tim hang cta cic hé
U= {(07 1)7 (1’ 0)7 (_17 2)}
vV =1{(1,0,0),(0,1,1),(-1,1,2),(2,1,3)}

W = {(1,0,0),(0,1,1),(~1,2,2),(1,1,1)}



Vi du: tim hang clia cac hé
U={(0,1),(1,0),(-1,2)}
V ={(1,0,0),(0,1,1),(~1,1,2),(2,1,3)}
W ={(1,0,0),(0,1,1),(~1,2,2),(1,1,1)}

Dap s6: r(U) =2, r(V) =3, r(W) = 2.



Khéng gian con

Dinh nghia 5

Cho E 13 mét khéng gian véc to. Mét tip con S # () dugc goi
la KGVT con cta E néu S cung véi hai phép todn cong va
nhan v6 hudng cta E ciing l1ap thanh mét KGVT.

Vidu : E, {6} 13 cdc KGVT con (tdm thudng) cla E.

Chi y: moi KGVT con déu phai chifa véc to khéng.

Tap con S # () 13 KGVT con cla E khi va chi khi:
(1) u+v e SvéimoiuvesS
(2) ku e S véi moi u € S vamoi k€ R.
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(1) Giao cta hai KGVT con la KGVT con, 51N S,.

(2) Téng chia hai KGVT con 1a KGVT con, S = S; + S,.
Hon nita néu 5, N S, = {0} thitanéi S la téng truc tiép
cla 51 va 52, k)// hléu S= 51 SP) 52.

Cha y: S; U S, néi chung khéng phdi KGVT con.
S+ S, 13 KGVT con nhd nhit chia c3 S; va Sy, tic 13 chda
5 US,.



(1) Giao cta hai KGVT con la KGVT con, 51N S,.

(2) Téng chia hai KGVT con 1a KGVT con, S = S; + S,.
Hon nita néu 5, N S, = {0} thitanéi S la téng truc tiép
cla 51 va 52, k)// hléu S= 51 SP) 52.

Cha y: S; U S, néi chung khéng phdi KGVT con.

S; + S, 13 KGVT con nhd nhit chifa cd S; va Sy, tiic 13 chida
S US,.

Mot sb vi du

1) S = {x = (x1,%,x3) € R3|x; — 2xo + 3x3 = 0} 14 KGVT
con cla R3.

2) L= {X = (X1>X27X3) S R3‘ - 3X1 — X + 5X3 =
0,x; — 2xo — 3x3 = 0} 13 KGVT con clia R3.

3) Tap hop cac nghiém cda hé phuong trinh tuyén tinh thuan
nhat



KG con sinh béi mdt hé véc to

Dinh nghia 6

Cho U = {u,up, ..., un} 1a mot hé véc to trong E. KGVT
con sinh béi U la KGVT con nhd nhit clia E chda moi véc to
cta U, ky hiéu 13 L(U) hodc Span(U).

Chiing ta c6 thé chiing minh L(U) 13 tap cac t6 hop tuyén
tinh clia cac véc to clia U, goi 13 bao tuyén tinh:

L(U) = {k1u1 arF k2U2 AF oo o AF kmum|k,~ S R}

Néu mdét KGVT con S = L(U) thi ta ciing n6i rang U 13 mot
hé sinh cla S.

Thuc t& S = L(U) dugc sinh bdi mét hé con DLTT téi dai cha
U (sau nay goi la 1 co s6 cua S).



Co cé va sb chiéu clia KGVT
®00

KGVT hitu han chiéu

Dinh nghia 7

Cho E 1a mét KGVT. M6t hé B cac véc to cia E dugc goi la
médt co s& cha E néu hé B DLTT va moi véc to cha E déu
BDTT qua B.

Nhu vay E duoc sinh béi B: E = L(B).

Dinh nghia 8

Néu KGVT E cé mét co s& gém n véc to thi moi co sé khac
cta E ciing c6 n véc to. S6 n dugc goi la s6 chiéu cta E, ky
hiéu dim(E) = n, va ta néi E 13 KGVT (hitu han) n chiéu.

Mbét sb vi du:

1) R” 13 KGVT n chiéu, vd co s6 chinh tic
2) P,[x] 1a KGVT n+1 chiéu

3) Mat . ,(R) 13 KGVT m x n chiéu.
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Gid st E 13 mdt KGVT n chiéu. Khi dé:

1) Moi h& c6 nhiéu hon n+ 1 véc to déu PTTT. (Néi cach
khac cé t6i da n véc to DLTT) (suy ra tir Dinh Iy 1)

2) Moi hé n véc to DLTT I3 co s6 cha E (va nguoc lai).

Vi du: chding minh mot hé sau 13 co s
1) U={(-1,2),(2,3)} |a co s cla R>.
2) V={(-1,2,1),(2,3,1),(1,0,1)} 1a co s6 cha R3.

Ménh dé 2

Gid st U c6 m véc to, r(U) =r (r < m), va S = L(VU). Khi

dé

1) Mot hé con r véc to DLTT (téi dai) cla U la mdt co sd
cua S, dim(S) =r.

2) Moi hé sinh clia S phai c6 t8i thidu r véc to.

o — i ——————————




1) Dic biat khi £ 13 mét KGVT n chidu va E = L(U)...

2) Ta c6 thé b8 sung vao mdt hé véc to DLTT dé dugc mét
co 8. Nhu vy KGVT hitu han chiéu luén c6 mét co s6.

| A\

Dinh Iy 4

Gid st S; va S, 13 hai KGVT con clia KGVT hitu han chiéu E.
Khi dé

dim(S1 + S2) = dim(S1) + dim(Sy) — dim(S51 N Sy).

Vi du: trong R3, cho céc kgvt con xéac dinh bai
S = {x=(x,%,x) € R®x — 2x + 3x3 = 0},
S ={x=(x,%,x3) € R} — x; + x + x3 = 0}.
1) Tim mét co sd va sb chiéu cta Sy, S,.

2) Tim co s6 va sb chiéu clia $; N S,.

3) Chiing minh S; + S, = R3.



Co cé va sb chiéu clia KGVT
©0000

Toa d6 clia mét véc to

Gia st E 13 KGVT n chiéu va B = {uy, up,...,u,} 12 mét co
s6. Khi d6 moi u € E dugc biéu dién tuyén tinh duy nhat theo
cac véc to cla B,

n
u= E Xiu; = xqup + ...+ XpUp.
i=1

Khi d6 ug = (x1, . .., x,) dugc goi |a toa dd clia véc to u trong
co s6 B.
Ngudi ta ciling goi ma tran cot, ky hiéu [u],

X1

s = |

Xn

la toa d6 cot cha véc to u trong co sé B.
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Co cé va sb chiéu clia KGVT

00000
Toa d6 clia mét véc to

Mot sb vi du

1) Toa d6 cia véc to trong co s6 chinh tic ctia R”.

2) u=(-3,4) trong co sé U = {(—1,2),(2,3)}.

3) u=(3,1,2) trong co sd
V={(-1,2,1),(2,3,1),(1,0,1)}.

Phan Quang Sang
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Lai néi vé hang clia hé véc to

Cho E 13 KGVT n chiéu va U = {ur, U2, ..., un} 1a mbt hé
véc to trong E.
Dinh ly 5

Gid st B 1a mét co s tuy y cua E. Lap ma trdn tao bdi cac
toa d6 cot cha cic véc to cia U trong co sé B,

A= ([u]s [wo]s - - [um]s)-

Khi d6 ta c6 két qua

r(U) = r(A).

Vi du: tim hang cla cac hé véc to
2) V= {(17 0, 0)7 (O’ 1 1)7 (_17 1, 2)7 (2a L, 3)
3) W=1{(1,0,0),(0,1,1),(-1,2,2),(1,1.1)}

I



Gid st B = {u,up, ..., un}, B'={u}, 13,..., up} 13 hai co s6
cta KGVT n chiéu E. Cho u € E va giad st u toa d6 cia né
trong hai co s6 trén lan luct 13 [u]s va [u]s .



Gid st B = {u,up, ..., un}, B'={u}, 13,..., up} 13 hai co s6
cta KGVT n chiéu E. Cho u € E va giad st u toa d6 cia né
trong hai co s6 trén lan luct 13 [u]s va [u]s .

Hay tim mbi lién hé giita [u]z va [u]s.



Gid st B = {u,up, ..., un}, B'={u}, 13,..., up} 13 hai co s6
cta KGVT n chiéu E. Cho u € E va giad st u toa d6 cia né
trong hai co s6 trén lan luct 13 [u]s va [u]s .
Hay tim mbi lién hé giita [u]z va [u]s.
Ching ta dinh nghia ma tran chuyén co sé tir B sang BB’

P = ([vi]s [wa]5 - - [un]s)-



Gid st B = {u,up, ..., un}, B'={u}, 13,..., up} 13 hai co s6
cta KGVT n chiéu E. Cho u € E va giad st u toa d6 cia né
trong hai co s6 trén lan luct 13 [u]s va [u]s .

Hay tim mbi lién hé giita [u]z va [u]s.

Ching ta dinh nghia ma tran chuyén co sé tir B sang BB’
P = ([uls [w]s - [un]B).

Khi dé ta cé lién hé

[uls = Pluls,
va ngugc lai

[uls = P~ [u]s
v6i chli y rang ma tran P 13 kh3 nghich vi r(P) = r(B') = n
(theo DI 5).



M6t sb vi du tim toa d6 clia véc to
1) u=(—3,4) trong co s& chinh tic va trong co s&

U={(-1,2),(2,3)}.

2) u=(-3,1,2) trong co sé U = {(1,1,0),(0,1,1),(1,0,1)}
va trong co s6 V = {(-1,2,1),(2,3,1),(1,-1,1)}.

3) Ching minh hé cdc ma trin sau la co s6 cia Maty,»(R),

11 01 0 0
10
M“_{o 1}

Tim toa d6 cla A = [ _12 g } trong co sd trén.
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