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Ma tran
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Ma tran

\YERAEN

Ma trén thuc cd m x nvéi m,n € N

M&t bang gdm m.n sb thuc duoc xép thanh m hang, n c6t — ma tran
thuc (ma trn) ¢ m x n.

all a2 ..., ain
A=la1 ap ...... ain | , A = [aj] mxn
aml amj ...... amn

ajj: phan t&r n3m & hang i, cdt j cla ma tran A.
Ky hiéu ma trén bdi A, B, C, .. ..

020
Vidu:A:[_i ‘;’ _;],B: -1 1 5[, C=
430
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h;, = [ail ... aj ...a,-,,]: ma trdn hang thi i (hang thi i, vecto hang
thia 1);
aij
cj = | aj |: ma trén c6t thit j (cbt thit j, vects cot thir j).
| 9mj
h;
. hy
— Matrin Acd thévietthanh A= | " | =[c1 2 ... ¢
hn,
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Ma tran

\YERAEN

At = [aji]nxm,

ail-...-.- agj..-.-- din a1l -...-- 2 H dmi

t
A=1| a1...... Qjj e apg | — A= |ay...... oo amj
aml .- Amj e amn aln.eov.n Efffocoooo amn

Hai ma tran bing nhau

Hai ma tran A va B duoc goi |3 bing nhau néu ching cling c& va céc
phan ti & cling vi trf clia hai ma tran bing nhau.
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Ma tran

M6t sb ma tran dic biét

Ma tran khong

Ma tran cAp m x n c6 tit c3 cdc phan tir bing 0 dugc goi 13 ma tran
khong cap m x n, ky hiéu 6,,%x, hodc 6 hoic don gidn 1a 0.

Ma tran vudng

Ma tran A = [aji]nxn gém n hang, n cét dugc goi la ma tran vudng cép n.

® 11,322, ...,an: C4c phan tif chéo clia ma tran A (nam trén dudng
chéo chinh);

o tr(A) = a1+ ax + -+ + apy goi la vét cha ma trén A;
e A la ma trdn doi xiing néu aj; = aji, Vi, J.
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7
7 A

Ma tran chéo cap n

Ma tran A = [aj]nxn vudng cip n cé ajj =0,Vi # j.

Ma tran don vi cip n

Ma tran chéo cip n c6é cdc phan tir chéo bing 1, ky hiéu I, hoic .

v
4

Ma tran tam giac

Ma tran tam gidc trén: A = [ajj]nxn vudng clp n cb aj =0,Vi > j.
Ma tran tam gidc dudi: A = [ajj]nxn vudng cap n cé ajj = 0,Vi < j.

Ma tran dang bac thang

o Cac hang khong (néu c6) n3m phia dudi cia ma tran;

o V6i hai hang khac khdng: phan tir khic khéng dau tién cla hang trén
thubc cbt bén trdi cla cot chira phan tir khac khong dau tién cua
hang dudi.
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\YERET

Cac phép toan trén ma trén

Phép cong cdc ma trén clng cap

Cho A = [ajj]mxn va B = [bjjlmxn. Téng clia hai ma tran A va B 13 ma
tran C = A+ B = [C,:,']mx,, véi Cij = ajj + b,'j

Phép nhan mot ma tran véi mét sb thuc

| A\

Cho a € R va A = [ajj]mxn. Tich clia ma tran A véi sb thuc o 13 ma trin
cung cap véi A, ky hiéu oA, ¢ phan tir & hang i c6t j 1a aajj.

— Véi A, B 1a hai ma tran cung cép, hiéu A — B dugc dinh nghia bdi
A—-B=A+(-1)B.
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Ma tran

Phép nhan hai ma trén

o Nhan ma tran hang véi ma tran cot
by

b
Choa=[a; a ... ap)vab=

bn
Tich cia ma tran hang a va ma tran cdt b 13 ma tran c gébm duy
nhit 1 phan td
c—ab= [Cll] véi c11 = a1by + asbo + ... + apb,.
@ Phép nhan hai ma tran
Cho A = [ajj]mxn va B = [bjk]nxp (m,n, p € N). Tich clia ma tran A
va ma tran B (theo thi tu dd) 1a ma trén ky hiéu A.B (hoic AB)
cAp m x p, véi phan ti & hang i cot k 13

n
Cik = airtbik + aibok + -+ - + ainbok = D ajjbjk
Jj=1

B& mén Toan - Khoa CNTT TCC - Chuong 1



@ Chi c6 tich ma trAn AB khi
sO cOt ctia ma trdn A=s6 hang ciia ma trdn B

e A= [a,-J-]mX,, va B = [bjk]nxp = AB = [Cik]m><p-
o Tich cGa hai ma tran khdng c6 tinh chit giao hoan.

5 3 1 0 20 2 3
Vu’du:ChoA:[_‘l ! 5],3: ~1 1 5|,C=1|1 5].
4 30 4 7

Viét ma tran At, Bt Ct va tinh 3A — Ct, AB, BA, BC (néu c6).
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Ma tran
Mot so tinh chat

Q@ A+(B+C)=(A+B)+C

Q@ A+B=B+A

Q@ A+0=0+A=A

Q ao(A+B)=aA+aB,VaeR
Q@ (a+pB)A=aA+ BAVa,B R
Q0A=06;, 1LA=A

@ A(BC) = (AB)C

Q@ AB+ C)=AB+ AC

o 0m><n-An><p = 9m><p; Am><n‘9n><p = 9m><p
@ Im~Am><n = Am><n - Am><n'ln
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Ma tran

Céc phép bién déi so cAp trén ma tran

Cac phép bién déi so cAp trén hang clia ma tran
© Dai ch hai hang.
@ Nhan 1 hang clia ma tran véi 1 sb a #0.

© Cong vao 1 hang clia ma tran « lan 1 hang khac.

Vi du: St dung cac phép bién déi so chp trén hang clia ma tran dé dua
ma tran sau vé dang bac thang:
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Dinh thdc

NGi dung
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Dinh nghia

(Chd y: Chi cé dinh nghia dinh thic cla ma trdn vudng)
Cho ma tran A vudng cp n. Dinh thic clia ma tran A 13 sb thuc, ky hiéu
detA hoic |A|, dugc dinh nghia nhu sau:

A=[a] — detA=a

a b

- {"’ b} s detA = |A| =
c c d

':ad—bc.

Vi du: Tinh dinh thdc cda cdc ma trin sau: A= [3], B = [—4],

SR
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Dinh thdc

Dinh nghia

dy 42 as
A= b by b3
i G 3
day 42 as
—s detA=|A|=|by by b3|=ay. bo bs| _, |Pr bs| o |Br b
C C3 i1 C3 i O
i G G
3 45
Vi du: Tinh dinh thic chamatrdn A= |-1 2 6].
0 -2 1
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Dinh thic

Dinh nghia

Dinh nghia tcA;ng quat khi n > 2

Cho A = [a;j] vudng cip n. Khi dé,
ai1 ... din
detA = |A| = D | =a11.D11 —312.D12+...—}—(—1)1+”31n,D1n

dnl ... @dnn
trong dé Dj; la dinh thdc cla ma tran vubng chp (n—1) thu dugc tir A

bang cich xod hang i va cot j cla A.

3 40 0
o L -1 02 1
Vi du: Tinh dinh thic cla ma trdn E = 0 —2 0 -1
0 1 3 0
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Dinh thdc

Dinh nghia

Cac phan b dai s6 cia ma tran vudng A 13 A; = (1) D;;. J

Dinh nghia dinh thic theo CT khai trién theo hang 1

A = [ajj] vudng cAp n — detA = a11.A11 + a12. A1 + ... + a1n.A1n
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Dinh thdc

C4c tinh chit cla dinh thiic

Ma tran A vudng cp n, A = [a;].
1) CT khai trién theo cot 1: detA = a;1 A1 + a1 Aot + ... + anAn
2) det(A*) = detA. .
Hé qua: Mot t/c vé dinh thic ding vdi hang thi ciing diing véi cbt.
3) D&i chd hai hang i va k chia A cho nhau (i # k), dugc ma tran B c6
detB = —detA.
4) Néu ma tran A c6 hai hang gibng nhau thi detA = 0.
5) CT khai trién theo hang i: detA = a1 AjL + ainAjp + . .. + ainAin
6) Néu ma tran A c6 chifa hang khéng thi detA = 0.
7) Nhan hang i gﬂa A véi sb thuc o dugc ma tran B thi detB = o.detA.
Hé qua 1: Néu ma trén A c6 hai hang ty |€ thi detA = 0.
Hé qua 2: det(aA) = a"detA
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Dinh thdc

Cac tinh chit cta dinh thic (tiép)

8) Néu hang i cla ma trdn A viét dugc & dang aj = bjj + ¢j; thi
detA = detB + detC, trong d6 B, C la hai ma trin dugc thanh Iap tur
ma tran A bing cach thay hang thit i cia A bdi hang c6 cic phan tu
la bjj, cjj tuong Ung.
9) Né&u nhan hang i cia ma tran A véi sb thuc o rbi cong vao hang k
(i # k), ta dugc ma trén B cé detB = detA.
10) Néu A 13 ma tran tam gidc thi detA = a11.a%. - .apn.
Hé qua: det/ = 1.
11) N&u B I3 ma tran vudng cling cAp véi ma tran A thi
det(AB) = (detA).(detB)
Hé qua: det(A¥) = (detA)*, k ¢ N*
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Dinh thdc

Tinh dinh thdc bing bién dai so cAp

1 2 3 4
, e . , 2 3 4 1]
Vi du 1: Tinh dinh thic |A| = 341 o=
4 1 2 3
1 a a* &
2 13
Vi du 2: Tinh dinh thic |B| = 1 b b2 b3 =
1 ¢ ¢ c
1 d d° o3
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Ma trén nghich dao

NGi dung
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Ma trén nghich dao

Ma tran nghich dao

Chu y: Chi xét cdc ma tran vudng !

Vi du mé dau

Tinh AB,BA va cho nhan xét vdi

a3 a2 I

1 2 0 3 -2 2
QA=|0 3 -1|,B=|-1 1 1
1 0 1 -3 2 3

Dinh nghia

Ma trédn A vudng cép n dugc goi la kha nghich néu cé ma tran B vuong
cap n sao cho AB = BA =1 véi | 1a ma trén don vi cap n.
Khi d6 néi B |a ma tran nghich ddo cla A.

.
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Ma trén nghich dao

Mat sb dinh ly

Cho ma tran A = [a;] vudng cAp n.
© DL vé su duy nhét: Ma tran nghich dao clia A (néu c6) 13 duy nhét.
Ma tran nghich ddo clia ma tran A dugc ky hiéu 13 A~
Q@ DL vé su ton tai:
o N&u ma tran A cé ma tran nghich dao 13 A~! thi detA # 0 va

1
det(A~1) =
e/ ( ) detA
o Néu detA # 0 thi A khad nghich va ¢ ma tran nghich dao 13
1
-1 _ *
 detA

trong d6 A* = (A;)" 1a ma trén phu hdp cla ma trin A.
© N&u B |3 ma tran vudng ciing cip véi A va B ciing kha nghich thi ma
tran tich AB ciing kh3 nghich va
(AB)"t =B~ 1A1
© Né&u B |3 ma tran vudng ciing cip véi A thda min AB = | (hodc
BA = 1) thi ma trdn A kha nghich va B = A1
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Ma trén nghich dao

Tim ma tran nghich dao bang cich st dung ma tran phu

hop

Cho ma tran A = [a;] vudng cAp n.
1) Tinh detA.
Néu detA = 0, két luan A khéng kh3 nghich — DUNG.
Néu detA # 0, chuyén sang buéc 2.
2) Tinh céc phé\n bu dai sb Ajj cia ma tran A.
Lap ma trén phu hgp
A]_]_ A2]_ . e An]_
A= . .

Aln A2n cee Ann
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Hé phuong trinh tuyén tinh

NGi dung

e Hé phuong trinh tuyén tinh
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Hé phuong trinh tuyén tinh M6t sb khai niém

Khai niém hé phuong trinh tuyén tinh

Dang téng quat

Hé gbm m phuong trinh bic nhat cta n 4n x1, x2, ..., x, c6 dang:
a11x1 +apxp + -+ amxs = b
axixi + apxo+ -+ amxn = b
amix1 + amex2 + -+ + amaXn = b

A

Ma tran hé sb: A = [aif]mxn

Ma tran c6t vé phdi: b = [bi]mx1 = [b1 by -+ bp]*
Ma tran b8 sung: A=[A b]
Ma trén an x = [Xj]px1 = [x1 X2 -+ xp]*

Dang ma trén
Ax =0b
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Hé phuong trinh tuyén tinh M6t sb khai niém

Khai niém hé phuong trinh tuyén tinh

Nghiém cta hé pttt

B6 n s6 thuc x1, x2, ..., x, théa mdn Ax = b

Khi hé phuong trinh cé nghiém thi ndi hé tuong thich.
Vi du: Viét dang tdng quat chia hé pttt c6 ma trin hé s6 va ma tran vé

2 -1 —4 2 7
phdi tusng tngla A= 1|1 2 3 1| vab=|1].
3 1 -1 3 8

- Hé nay ¢6 mot nghiém 13 bd sb (1;1,-1;1).
- Hé c6 mét nghiém khac la (2; —1;0; 1).
— (7) hé trén con nghiém nao nita khong?
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Hé phuong trinh tuyén tinh Hé Cramer

Hé vuéng Ax = b c6 detA # 0

Dinh ly Cramer
Hé Cramer Ax = b c6 nghiém duy nhit x = A=1b

Coéng thic nghiém cta hé Cramer

Nghiém clia hé Cramer Ax = b tinh theo cdng thiic:

detAj .
X = — =12,...n)

A; dugc suy tir ma tran A b5ng cach thay c6t j bdi cbt hé b b

Vi du: Véi diéu kién ndo clia tham sb a thi hé sau 13 hé Cramer? Tim
nghiém cha hé trong trudng hgp dé.
x+ay+ z =1
ax+ y+ z =2
x+ y+az =3
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Hé phuong trinh tuyén tinh Phuong phép gidi hé pttt

Cac phép bién déi tuong ducng trén hé phuong trinh

Céc phép bién déi tusng duong trén hé phuong trinh tuyén tinh dua hpt
da cho vé 1 hpt tuong dudng nén khdng lam thay do6i nghiém cia hé.
© D3i chd hai phuong trinh clia h& <= D3&i chd hai hang clia ma tran
bd sung;
@ Nhan hai v& clia mdt phuong trinh cta hé véi mot sb khic 0 <
Nhan m6t hang cta ma trdn bd sung véi mot s6 khac 0;
© Nhan hai v& clia mdt phuong trinh cta hé véi mdt sb khic 0 rdi cong
vao mét phuong trinh khiac <= Nhin mot hang clia ma tran bd
sung véi mot so khac 0 r6i cdng vao mot hang khéc.

Bién d&i tuong duong trén hé phucng trinh <= Bién d8i so cAp trén hang
clia ma trdn bo sung cla hé.
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Hé phuong trinh tuyén tinh Phuong phép gidi hé pttt

Phuong phap Gauss giai hé pttt

Phuong phap Gauss

Eﬁr dung bién d8i so cAp trén hiang ma tran, dua ma tran b8 sung
A =[A b] clia hé ban ddu vé dang bac thang [A’ 1] thi
Ax=b<= Ax =V

Vi du: Giai hé pttt véi cic 4n x, y, z, t vd ma trn hé b8 sung cho bdi

2 -1 -4 2
A=1[1 2 3 1 1
3 1 -1 3 8
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Hé phuong trinh tuyén tinh Phuong phép gidi hé pttt

Hé pttt thuin nhit

Hé pttt thuin nhit
Dang Ax =0

© Ha pttt thuan nhit Ax = 0 ludn ¢ nghiém tdm thudng x = 0.

@ Haé vudng thuan nhit Ax = 0 ¢6 nghiém khdng tdm thudng
< detA=0

Vi du: Tim t4t ca cic nghiém clia cic hé phuong trinh sau:
x+2y+3z— t =0
—2x+ y—4z+ t =0
3x+ y+ z—2t =0"
x—3y+ z =0

x+2y+3z— t =0
b){ —2x+ y—4z+ t =0
— x+3y— z =0

a)
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Hé phuong trinh tuyén tinh Phuong phép gidi hé pttt

Phuong trinh ma tran

AX = B (1) hodc XA =B (2)
véi A, B 13 cic ma tran cho trudc, X 13 ma tran cin tim.

Vi du: Tim ma trdn X thod man
1 2
2 -1 4 1 2 01
S T e E

1 2 -1 2
9 {3 2 2] X = [4]
Cach giai:

o Néu A vudng c6 detA # 0 thi (1) & X = A"L.B va
(2) e X=BA1

e N&u A khéng vudng, can xac dinh ¢3 cha ma tran X, viét dang cia X
va bién déi phuong trinh ma tran vé hé pttt dé tim X.
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