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Question 1 2 3 4 5 6 7 8 9

Points 1.0 1.0 1.0 1.5 1.0 1.0 1.0 1.0 1.5

Problem 1. 2.0 pt Let the function

f(x) =

{
1
x for x ≥ 1

2x + c if x < 1

a) 1.0 pt Graph f when c = 0, and determine whether f is continuous for this choice of c.

b) 1.0 pt How much you choose c so that f is continuous for all x ∈ (−∞,+∞).

Problem 2. 2.5 pt Assume that the size of a population at time t is given by

N(t) =
200t

3 + t
, t ≥ 0.

a) 1.0 pt Determine the limiting population size, that is the size of population as t→ +∞.

b) 1.5 pt Find the growth rate and then the per capital growth rate of the population at time t = 1.

Problem 3. 5.5 pt A car moves in a straight line. At time t (measured in seconds), its position

(measured in meters) is
s(t) = t2(3− t), 0 ≤ t ≤ 4.

a) 1.0 pt Find its average velocity between t = 0 and t = 4.

b) 1.0 pt Find its instantaneous velocity at any time t.

c) 1.0 pt When the velocity is zero?

d) 1.0 pt What is its maximum velocity?

e) 1.5 pt Find the farthest distance from the car to the original position.
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Problem 1.

a) 1.0 pt When c = 0,

f(x) =

{
1
x for x ≥ 1

2x if x < 1

From the graph, we see that the function f is not continuous at x = 1.

b) 1.0 pt It is clear that the function is continuous for any x 6= 1.

At x = 1: f(1) = 1,

lim
x→1+

f(x) = lim
x→1+

1

x
= 1,

lim
x→1−

f(x) = lim
x→1−

(2x + c) = 2 + c

The function is continuous at x = 1 iff

lim
x→1+

f(x) = lim
x→1−

f(x) = f(1)⇔ 2 + c = 1⇔ c = −1

So that f is continuous for all x ∈ (−∞,+∞) when c = −1.

Problem 2.

a) 1.0 pt The limiting population size is limt→+∞N(t) = limt→+∞
200t
3+t = limt→+∞

200
3
t
+1

= 200.

b) 1.5 pt The growth rate is

dN

dt
=

600

(3 + t)2



The growth rate at time t = 1 is 600
(3+1)2

= 37.5

N(1) = 50, and the per capital growth rate of the population at time t = 1 is

1

N

dN

dt
=

37.5

50
= 0.75

Problem 3. s(t) = t2(3− t), 0 ≤ t ≤ 4.

a) 1.0 pt The average velocity between t = 0 and t = 4 is

s(4)− s(0)

4− 0
=
−16

4
= −4

b) 1.0 pt The instantaneous velocity at any time t is

v(t) = s′(t) = 6t− 3t2, 0 ≤ t ≤ 4

c) 1.0 pt The velocity is zero, i.e.

v(t) = s′(t) = 6t− 3t2 = 0⇔ t = 0, t = 2

d) 1.0 pt v′(t) = 0 ⇔ 6− 6t = 0 ⇔ t = 1. We compare three values v(0) = 0, v(1) = 3, v(4) = −24. So
the maximum velocity is 3 when t = 1.

e) 1.5 pt The farthest distance from the car to the original position means | s(t)− s(0) |=| s(t) | max.

s′(t) = 6t− 3t2 = 0⇔ t = 0, t = 2

We compare three values | s(0) |= 0, | s(2) |= 4, and | s(4) |= 16. Hence the farthest distance is 16
when t = 4.
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