BAI TAP PAI SO TUYEN TiNH

1. MA TRAN.

1.1. Cho A la ma tran vudng cap n thoa man A’ —A=1_. Ching minh rang A c6 ma tran
nghich dao va tim ma tran nghich dao cua A.

5 —6 2
1.2. Cho M, N la cac ma tran vudng cp 3thoaman MN=|6 -7 2
6 -6 1

a. Tinh (MN)?.
b. Chung minh NM kha nghich. Tim ma tran nghich dao caia NM .

1.3. Cho A la ma tran cap n théa man A’ = A. Chang minh rang ma tran B=2A—1 c6 ma
tran nghich dao.

1.4. Cho matran

A=(g IZ);a,b,cER

a. Chang minh rang néu A2°%¢ = 0 thi A2 =0
b. Tima, b, c sao cho tdn tain € N* dé

n_,_(1 0
ar=1=(y 7)
1.5. Tinh
10 1 2 1 07
a |0 1 0 b./0 1 0
0 0 1 0 0 2
COSX —sinx
1.6. Tinh ltiy thira bac n cua A:{ ) }
sinx  cosx
2017 1 -2017
1.7. Chomatran A=|2016 2 -2017 |. Xac dinh cac phan tir ndm trén duong chéo chinh
2016 1 -2016

ciamatran S=1+ A+ A? +...+ A%
1.8. Cho A la ma tran vuéng cip n

2015 2016 - 2016

A= 2016 2015 -- 2016

2016 2016 -+ 2015

Tinh A¥, véi k 1a s6 nguyén duong.



1.9. Cho 4, B € M,,(R) thoamén A% = A + B + BA. Chiing minh rang AB = BA.

1.10. Cho A,B € M,(R) théa man AB = 0,B # 0. Chiang minh rang ton tai ma tran
C € M, (R) khac ma tran 0 thoa mén AC = CA = 0.

1.11. Cho ma tran vudng A, B cp n. Vét cia ma tran A 1a téng tat ca cac phan tir trén dudng
chéo chinh cua A, ki higu Tr(A). Ching minh rang:
a. Tr(A+B)=Tr(A)+Tr(B).
b. Tr(kA)=KTr(A), keR,
c. Tr(AB)=Tr(BA)

1.12. Chirng minh rang khéng ton tai céc matran A, B,C, D vudng cap n sao cho
AC+BD=1 va CA+BD=0, | lamatran don vi, 0 la ma tran khdng.

1.13. (bang thic Wagner)
a. Chung minh rang véi moi ma tran A, B,C vudng cap 2 ta lun c6

(AB—BA)’C-C(AB-BA)’ =0

b. Chuang minh ring véi moi matran A, B,C vudng cap 2 ta ludn co

(AB—BA)*“C-C(AB-BA)™ =0
-1 2 1 -1 1
. . N -1 1 -1 -1
1.14. Tuy theo gia tri cia m, hdy tim hang cia ma tran A=
m 0 1 1
1 2 2 -1 1
3 1 41
. . . m 2 31
1.15. Tim m d¢é hang cua ma tran sau nho nhat A= 3 11 0
3 3 7 2
1 0 0 O]
1 0 O
1.16. Cho ma tran vudng cap n: A=|... .. .. .. .. ..|. Tim mdé hang caa ma tran A
o o0 .. .. 1
m 0 0 .. 0 1]

nho hon n.

1.17. Chang minh rang moi ma tran hang r déu c6 thé phan tich dwoc thanh tong cua r ma
tran c6 hang bang 1.

1.18. Gia st A, B 1a cac ma tran vuéng cap n thoa man AB = BA, A®*® =0, B* =0.
a. Chung minh ring ton tai s6 tw nhién k dé (A+B)* = 0.

b. Chéng minhrang r(1+A+B)=r(1-A-B)=n.



2. PINH THUC

1 x x* X
2.1. Giai phuong trinh: L2 4 =0
1 3 9 27
1 4 14 64
2.2. Tinh dinh thuec :
1 1 1 1 a b ¢ d
a-xixz X; X, b.—bad—c
X2 x5 XX X - -d a b
X x ox xS -d ¢ -b a
a b c

2.3.Tinh |b ¢ af trong d6 a,b,c 1a 3 nghiém ciia phuong trinh bac 3 : x*+ px+q=0.
c ab

2.4. Chom, n, p, q la cac nghiém cua phuong trinh x* —x+1=0 va

m+l 1 1 1
1 n+1 1 1
1 1 p+1l 1

Tinh det(A).

2.5. Tinh céc dinh thuc cdp n sau :

2 2 . 1 2 3 n
2 2 . -1 0 3 n
a. 2 3 . : b. -1 -2 n
2 2 2 2 -1 -2 -3 0
1 ...1 b
X X b a b b
C X X d b b a b




1+ x° X 0 0
X 1+x°
e. D,=| 0 X 1+x 0 |,
0 0 0 1+ x?

D, 1a dinh thirc cAp n ma cc phan tir ndm trén duong chéo chinh bang 1+x? cac phan tir
thugc hai dudng chéo gan duong chéo chinh bang x va céc phan tir con lai bang 0.

2.6.

a. A lamot ma tran vudng cap n théa mdn A™ = A. Ching minh |det(A—1)|=0 hoic

det(A—1)|=2".

b. AB la hai ma tran vudng cing cap n thoa mdn AB—BA=B. Chiing minh
det(B) =0.

2.7. Cho A B Ia c4c ma tran thuc vudng cdp n thoa mdn AB=A+B va A®° =0. Chung
minh rang det(B) =0.

2.8. Cho cac ma tran vuéng A B thoa man A'A=1;B'B=1. Biét det A=detB. Ching
minh rang det(A+B)=0.

2.9. Cho ma tran vuéng cip n A:(aij);aﬁ =min(i, j). Tinh det(A).

2.10. Cho A=(a;) la mot ma tran vudng cdp n>2 va A, +A,+-+A, #0, trong do A,

la phan bu dai s6 ciia a,; . Ching minh rang ton tai s6 thyc a dé

a,+ta a,+a ... q,ta
a a a
a‘nl an2 ann

HE PHUONG TRINH TUYEN TiNH
3.1. Giai h¢ phuong trinh:
3X+y—-2z+t—-u=1
2X—y+72-3t+5u=2
X+3y—-2z+5t-7u=3
3X—-2y+7z-5t+8u=3

3.2. Giai hé phuong trinh thuan nhét sau:



X, +X,+X =0
X, + X+ X, =0
X+ X, +% =0

3.3. Giai va bién luan cac hé phuong trinh sau
2X+y+z+t=1
mx+y+z+t=1
X+2y—-z2+4t=2
X+7y—4z+11t=m

4x+8y—-4z+16t=m+1

a. <X+my+z+t=1 b.
X+y+mz+t=1

3.4. Cho a;; lacéc s6 nguyén. Giai hé:

(1
Exl = a11x1 + a12x2 + -+ alnxn
1

| 2% = s t+ azX; + -+ A Xy
1

kzxn = anlxl + anzxz + -+ annxn

3.5. Chitng minh rang hé phuong trinh sau c6 nghiém khéac nghiém tam thuong:
A11X1 + Q12X + -+ apxy, =0
Ap1X1 + AgpXxy + -+ agpxy, =0
Gy + gy 4 1+ Gty = 0
trong d6 a;; = —a;; va nlé.
3.6. Tim m dé hé sau c¢6 nghiém duy nhét

mx+8z—-7t=m-1
3X+my+2z+4t=m
mz+5t=m?*-1
52-mt=2m+2
3.7. Tuy theo gi4 tri cua m, hay bién luan s nghiém cua hé :



MX+y+z+t=m
2X+3y+2z+(5m-3)t=m+1
(M-1)x+3y+2z+(m* +m)t=4

3.8. Tim diéu kién caa m dé hai hé sau ¢ nghiém chung

2X—-y+z2-2t+3u=3
X+y—-z—-t+u=1
3X+Yy+z-3t+4u=2m

X—y+2z-2mt=0
2X+y—Z+t=m

3.9. Cho a,b,c,d € R. Chirng minh rang hé phuong trinh sau chi ¢6 nghiém tam thuong:
(1+a*)x+by+cz+dt=0

—bx+(1+a%)y+dz—ct=0

—cx—dy+(1+a’)z+bt=0

—dx+cy—bz+(1+a2)t =0

. PATHUC

4.1. (Xdc dinh da thirc) Tim tat ca cac da thac P(x) ¢6 hé sé nguyén sao cho
P(P'(x))=P'(P(x)),vxeR

4.2. (Nghiém cua da thic) Cho P(x) la da thiic bac n c¢d n nghiém phén biét x,X,,..., X,.
Chuang minh rang:

1 1 1

—+— ot — =0.
P'(x) P'(x) P'(x,)
b. P l(xl) + P I(XZ) +ot P'(X”) =0.

P'(x) P'(x) P'(x,)

4.3. (Pa thirc Véi yéu té gidi tich) Véi mdi s6 nguyén duong n > 2 xét da thuc

P (X)=nx"—x""—...—x—1. Hoi P,(x) c6 bao nhiéu nghiém thyc:
a. Khin=2,n=3?
b. Khi n>4?

4.4. (Tinh chia hét ciia da thitc) Cho m,n 4 cac s6 nguyén dwong. Ching minh rang diéu
kién can va du dé da thuc x™ +x" +1chia hét cho x*+x+1 la mn—2 chia hét cho 3.
4.5. Cho da thuc P(x) =4x’+ax”+bx+c trong d6 a,b,c la cac s thuc. Hay tim a,b,c sao

cho |P(x)| <1 véi moi x thoa mén |x| <1.



HUONG DAN GIAI BAI TAP PS OLIMPIC
MA TRAN

1.1 C6 A(A-1)=1,= Acomatran nghich daola A -1

2 _
12a) c6 MN) =1,

b)Tacé det(MN)=1=> det(NM )=1= NM c6 ma tran nghich dao
det(MN) =0 = detM =0 va detN =0 = N va M c6 ma tran nghich dao
(MN)’> =1, = MNMN =1, = NM =M N =(NM)™. Vay NM c6 ma tran nghich dao la
NM.
1.3Tacd RA-DQRA-1)=4A’-4A+1 =4A—4A+1 =1 = B cd ma tran nghich d4o la chinh
no.

1.4a)A=(g (C))+(g 8)t|'nhA2°16=03uyraa=c=0.

b) Str dung phan tich y 1) rdi tim ra a,b,c.

15
1 0 17" [1 0 n
010/=/010
0 0 1 0 0 1
2 1 0" [2 n 0]
010/=/010
0 0 2 0 0 2

~ [cosnx —sinnx]
A" =
16 sinnx  COSnX |

2017 1 -2017
1.7 Chomatran A=|2016 2 —2017 |. Xac dinh cac phan tir nam trén duong chéo chinh cua
2016 1 -2016

matran S=1+ A+ A? +...+ AP,



2016 1 -2017
Tac6d A=1+B,B=|2016 1 -2017 |. Dédang kiém tra B> =0. Do d6, véi moi s6 tu nhién k
2016 1 -2017

tacd: A“=1+kB.Turdosuyra S=20181 +1009.2017.B.

Vay cac phan tu trén dudng chéo chinh caa matran S l1a

s, =2018+1009.2017.2016; s,, = 2018+1009.2017;s,, = 2018 -1009.2017.2017;

1.8 HD : = (2015 — 2016)I + 20168, v6i B = (b;j = 1;Vi,j).

19HD: (A—B —-2I)(A+1)=—-2Isuyra(A+1)(A— B —2I) = —21.Suy ra AB = BA.

1.10 HD: Tur diéu kién AB = 0, B # 0 suy ra A khdng kha nghich. Do d6 ton tai cac ma tran
E,F € M(n,1) khac matran 0, sao cho AE = ATF = 0, dat C = EFT la ma tran can tim.

1.11 D& dang chirng minh
1.12. Gia st ton tai cac matran A,B,C, D vubng cap n sao cho AC+BD =1 va CA+BD=0

CA+BD=0=Tr(CA+BD)=0

Tr(AC+BD)=n<Tr(AC)+Tr(BD)=n<Tr(CA)+Tr(BD)=n<Tr(CA+BD)=n
, VO li . Suy ra dpcm.

1.13.a. (AB—BA)’C-C(AB-BA)" =0

2
TacéTr(AB—BA)=0:>AB—BA=(X yj:(AB—BA)Z=£X tye O ]=(x2+y2)l
zZ —X 0 X" +yz

Tacod IC =Cl, suy ra dpcm.
b. cmtt

114 r(A)=3em=Lr(A)=4<m=1

3 1 41 31 4 1 31 41
m 2 31 m 2 3 1 m 2 31 . .
1.15 A= — — . Tathay r(A)>2. Dau“="
3 -110 0 2 3 1 0 2 31
3 3 7 2 0 -2 -3 -1 0 00O
xay rakhi m=0



n+l

1.16 Khai trién dinh thuc theo cot 1, ta dugc det(A)=1+(-1)"" m".

Hang cta ma tran A nho hon n khi va chi khi

n+1

det(A)=01+(-1)"m" =0 (-1)"'m"=-1
Néu n Ié thi m=—1. Néunchin thi m=+1..
1.17 Gia str ma tran A cipmxn c6 hang bang r. Bang cach sir dung cac phép bién dbi so cip

. . I 0 L., A
trén hang hoac cot cua A co thé dua A vé dang R = (O' 0] , tare 1a ton tai cac ma tran khong
mxn

suy bién P, Qsao cho A=PRQ ( c4c thay cd xem ching minh trong gido trinh dai s6 tuyén tinh
cta thay Vinh, néu can ).

Taphantich R=R +R, +..+R , trong d6 R la c4c ma tran co tat ca cac phan tir déu bang O trir
phan tir & hang i, cot i bang 1.

Taco r(PRQ)=r(R)=1 (cac phép bién ddi so cap khong lam thay doi hang cua ma tran).

Vay A=P(R +R,+..+R.)Q=PRQ+..+PRQ la cach phan tich théa man yéu cau cua bt.
k - . -

1.18 a) Do AB=BA nén (A+B) =) CIAB"".
i=0

Vi A% =0, B =0 nén k =2017thi (A+B)" =0.
b) Vi (A+B) =0,k =2017 nénta c6

| =1-(A+B) =(1-A-B)[ 1 +(A+B)+..+(A+B)"|

=1=det(1)=det(l - A-B).det| I +(A+B)+..+ (A+B)" |
=det(l-A-B)=0=r(I-A-B)=n
Tacs: | =1+(A+B)"" =(1+A+B)| I -(A+B)+..+(A+B)™ |. Tuong ty nhu trén

suyra r(1+A+B)=n. Suy radpcm.

PINH THUC

2.1 Khi khai trién dinh thtrc & vé trai theo dong dau, ta s& cd vé trai 1a da thic bac 3 caa x, ky
hiéu la f(x). Taco f(2)=0 vikhi d6 dinh thirc c6 2 dong dau bang nhau. Tuong tu, O
f(3)=0,f(4)=0.Vi f(x) lada thirc bac 3 nén cd 3 nghiém 2, 3, 4 nén pt c6 3 nghiém 2, 3, 4.



2.2 )

1 1 1 1
0 X, - X, Xy X X, - X
0 (x, = x;)(x, +x,) (3= x;)(x3 +x;) (g - x)(x, +x;)
0 (xp- x,)0xg +xx +x7)  (xg- x) (g +xgxy +x7) (o, - x)(xg +x,x, +x7)
1 1 1
= (%, - x5 - x)(x, - x) X, T X3+ X, tx
x22 +x,x, + xl2 x§ +x,x, t+ xf xi +x,x + xf
1 0 0
= (o - )y - x)(xg - xy) G tx Y37 X Ya™ X2
Xp F 0,0 Fx (- ) (X, - X)) (- )X - x,)

1 1

=W - X)Xy - X)X, - X)X X, N\ X, - X
(= )= )y~ )= s )|

b) Ta c6:



a b ¢ d a b ¢ djla b -c —d
-b a d -c -b a d —b a -d c
—< -d a b| |-c -d a bflc d a -b
-d ¢ -b a -d ¢ -b ajd —¢c b a

a’+b?+c*+d? 0 0 0
0 a’+b*+c®+d? 0 0
0 0 a’?+b?+c?+d? 0
0 0 0 a’+b%*+c?+d?

:(a2+b2+c2+d2)4

a b ¢ d
b d -
= 2 C:(a2+b2+c2+d2)2
-¢c -d a b
-d ¢ -b a

2.3 Theo dinh ly Viet,tac6 a+b+c=0, nén

a b a+b+c

a b c a b O
b ¢ a=b ¢ a+b+c/=lb ¢ 0/=0
c a b c a 0

c a a+b+c

2.4. Tacom, n, p, q la nghiém cia phuong trinh X* —x+1=0
theo dinh ly Viet

Nhan cot 4 vai -1 rdi cong vao cac cot con lai ta co

m 0 0 1

0 » 0 1 n 0 1 0
det4 = 0 0 1 |=m 0 »p 1 |+q| n

-q -q -q q+l AR °

=mnp +mng +mpq +npg + mnpg =1+1=2
2.5

a) Nhan dong 2 vai (-1) sau d6 cong vao cac dong (3), (4),...., (n). Taco

0
0
p

ol



1 2 2 2l 1
2 2 2 2l |2
2 2 3 2/=10
2 2 2 2l |2

(1) : Nhén dong (1) véi (-2) sau d6 cong vao dong (2).

®

b) Lan luot cong dong (1) vao cac dong (2), (3), ...., (n)

1 2 3 n
-1 0 3 n
-1 -2 0 nf=
-1 -2 -3 0

1 2 3
0 2 6
0 0 3

0 0O

Khai trién theo hang 1 ta co:

D,=(1+x")D,_ —x

n_

= (1+x2)Dn_1 - x2Dn_

Mat khéc,

X
1+x?

X

0
0O O

D, =1+x*

2
D, :(1+x2) -xf=xt x4y

Dn- Dn-lz‘xz(Dn-l-

D).

n
2n
2n

n

0

X
1+x?

X

1+ x

X

=—2(n-2)!

1+ x?




D, =D, ,+x" b D =1+x"+x"+. . +x"

d) Pau tién cong cac cot (2), (3), ..., (n) vao cot (1). Sau d6 nhan dong (1) vai (-1) cong vao cac

dong (2), (3), ...(n). Ta co

a b
b a
b b

2.6

b .. b |a+(n-D)b b b .. b
b .. b |a+(n-D)b a b .. b
a .. bj=jla+(n-Db b a .. b

b .. al [a+(h-D)b b b .. a

a+(n-1b

b

=(a+(n-1)b)(a-b)

a)Tacs A=At A =1 < (A1) =-2(A-1) < (det(A—1)) =—2"det(A-1). Suy ra

diéu phai cm.

b) Tacé AB—BA=B.Nhan ca2 vé véi B*? vao bén phai cac ma tran ta co :

AB"-B.AB“!=B". Ldy det2 vé: O=det A(detB) —(detB)".det A=(detB)". Suy ra diéu
phai chitng minh.

2.7

Taco AP =0= det(A%®) = (det A/ =0=>det A=0
AB=A+B=B=AB-A<B=AB-1)=>detB=det Adet(B—1)=0

2.8

Taco, det A=+1,detB==1. Do det A= det B—=det A+detB=0. Xét

Ma det B = 0= det(A+B) =0. Diéu phai cm.
2.9. Nhan hang 1 véi -2; -3; ...;-n rdi cong tuwong tng Vao cac hang 2, 3,....N.

det B.det(A+ B) =det B.det( A+ B)t =det(B.A' + 1) =det(B.A' + AA")

= det A.det(A+ B) =—det B.det(A+ B)

n-1



1 1 1
-1 0 0
det4 = -2 -1 0

Khai trién theo cotn det 4 = (- 1)"+1

— (_ 1)n+1.(_ 1)n-l — (_ 1)211 -1

1) (-2 (- 3)

1

0

0

0
-1 0 0 .. 0
-2 -1 0 0

-2 -1 o | =

-(n-1) -(n-2) -(n-3) .. -1

2.10 Cho A=(a;) la mot ma tran vudng cip n>2 va A, +A, +-+A, #0, trong d6 A; la

phan bu dai s6 cua a;. Chimg minh rang ton tai sé thuc a dé

a,+ta a,+a

a21

anl
Taco

a,ta a,+a .. a,tal |&; a,

a21 a22 aZn _ a21 a22
anl a‘n2 a‘nn a‘nl a‘n2
2016-|A|
Suyra a = .
Ayt A+t A,

HE PHUONG TRINH TUYEN TiNH

a‘22

an2

8y,
a2 n

nn

q,+to
a2n
ann
(04 (04
a21 a22
an1 an2

=2016

(04

6.1.2.” =|A+a(A+A,+..+A,)

a

nn

3.1 Goi y: D6i chd hai pt cudi 18n trén roi giai hé bang phuong phap khir Gauss:



1 3 -2 5 -7|3 13 -2 5 _713
3 -2 7 -5 83(_)0 -11 7 -5 g3
31 -2 1 -1/1 31 -2 1 -1)1
2 -1 7 -3 52 217 =352

3.2

Téng 10 phwong trinh ta dwoc 3(X1+.... + X+ X10)=0 nhém 3 s hang lai thanh mot nhém
duoc X10=0 suy ra X;+x,=0 nén x3=0 suy ra Xg= Xg=0 nén Xg=0 nén X;= Xs= X,= X1=0... hé chi cd

nghiém tam thuong.
3.3
a) Lap ma tran hé s6 ma rong va dung cac phép bién doi so cip dwa ma tran vé dang bac thang:
m 1 1 1 1 1 1 m 1 1
AP =1 m 1 1 1[-|1 m 1 1 1
m 1 1 m 1 1 1 1
1 1 m 1 1
=10 m-—1 1-m 0 0
0 0 2-m-m? 1-m 1-m
Do (2 —m —m?) = (1 —m)(2 + m). Taco cac kha nang sau:

xy=1—a—-b—-c
x2=a

Néu m = 1. hé c6 vo sé nghiém b (a,b,c €ER)
s =
X4 =C
X1 =a
e N . A £ o n xz =a
Néu m = —2. hé c6 vd s6 nghiém xs=a @ ER
X4_ == 1
1-a
(= m+2
x, = 1@
Néum # 1,—2.hé cd vo s6 nghiém<{ 2 ~ m+2 (a €R)
1-a
|kx3 T m+2
X4, =a

b) Lap ma tran hé sé mé rong va dung cac phép bién doi so cap dua ma tran vé dang bac thang:



2 1 1 1 1
AbS: 1 2 -1 4 2
1 7 —4 11 m
4 8 —4 16 m+1
1 2 -1 4 2
(o -1 3-7| m-8
0 0 -6 14|-3m+21
0 O 0 O m-—7
Néu # 7 . Hé vd nghiém.
x, = —=ba
N&um = 7. He c6 v s6 nghiem { 2 = 1 ER
eum =7.H¢ 0 nghié %s = Ta (a )
X4 = 3a

3.4 H¢ phuong trinh twong duong vai:

(2a11 - 1)x1 + 2a12x2 + -+ Zalnxn = 0
2a21x1 + (Zazz_l)xZ + -+ 2a2nxn = O

2ap1%1 + 2ap5x5 + -+ (2ay, — Dx, =0
Goi A, 1amatran hé sb cia phuong trinh trén. Ta co:

det(4,) = 2k + (2a,, — 1) det(4,,—1) = 2k + 2a,,det (4,,_1) — det(4,-1)
= 2l —det (4,,_1)

Do d6 detA,, + detA,_, = 21 lamot sé chan. Suy ra detA,, va detA,,_, c6 cing tinh chin I¢,
v6i moi n. Ma detA; = 2a,; — 11456 & nén detA, ciing 1a s6 1¢. do d6 detA,, # 0. Vay hé
trén 12 hé Cramer va c6 nghiém duy nhit :

Xy =%y =-=x,=0.
3.5 Goi A lamatran cac hé s6. Tacod (A);; = —(A);; dodo A = —A" .
Ma det(4) = det (4%) nén
detA = det(—A") = (=1)"detAt = (—1)"detA = —detA (don 1)

Bai vay detA = 0 tirc 1a r(A) < n. Theo dinh ly Cronecker — Capelly hé c¢6 vo sé nghiém phu
thugc vao (n —r ) tham sb. Do @6 hé c6 nghiém khac 0.



m 0 8 -7
3 m 2 4 m O/ m 5
3.6 detA= - . = —m? (m2 + 25)
0 0 m 5 3 m|5 —-m
0 0 5 —m

Hé c6 nghiém duy nhét <> detA#0<m#0

y z X t y 2 X t
1 1 m 1 m 11 m 1 m
3.7 —
3 2 2 5m-3m+1 0 1 3m-2 6-5m [2m-1
32 m-1 m?+m| 4 0 1 2m+1 -m?*-m+33m-4
y z X t
11 m 1 m
o d
0 1 3m-2 6-5m [2m-1
0 0 m-3 m?-4m+3/3-m

Véi m=3 hé c6 vd sé nghiém x, t 13y gia tri tly y

Véi m#3 hé c6 vo sé nghiém t ldy gia tri tay y

3.8 Goi y: Hai hé cd nghiém chung khi va chi khi hé sau c6 nghiém
2X—y+z72-2t+3u=3

X+y—-z-t+u=1

3X+y+z-3t+4u=2m
X—y+2z-2mt=0

2X+Yy—Z+t=m

u x y z t u x y z t

11 1 -1 -1/1 11 1 -1 -1] 1
32 -1 1 -2/3|,0-1-44 1|0
43 1 1 -3/2m| |0 -1 -3 5 1 |2m-4
01 -1 2 -2mo 0 1 -1 2 -2m 0
02 1 -1 1|m| |0 2 1 -1 1| m |

HS tu l1am tiép

3.9 Goi A 1a ma tran hé sé caa hé. Ta di tinh dinh thicc cia ma tran nay bang cach 1am gidng
trong bai 2.2 b), va tir d6 thdy duogc det(A) khac 0. Suy ra dpem.



PA THUC
41GiastP(x) = apx"+ -+ ap, ap # 0.SuyraP'® = na,x" 1+ .-+ a,.

- Néun > 2 thi thira s6 bac cao nhat caa P(P’(x)) 1a: a,, (na, x®~ )™ = n® al+1x"(@™-D
Thira s6 bac cao nhat cua P’(P(x)) 1a: na, (a, x™)™ ! = nalx"™~D. Do 6 tir P(P’(x)) =
P’(P(x)) ta suy ra n"a, = n, nghia la n =1 va a, =1 (do a, hguyén) , suy ra mau
thuan.

- Néun =0 thi tr P(P’(x)) = P’(P(x)) ta suy ra P(x) = 0 v&i moi X.

- Néun=1thi P(x)=ax +b, nén tr P(P’(x))=P’(P(x)) tasuyrab = a — a.

Vay cac da thirc thoa mén yéu cau bai toan 1a P(x) = 0 hodc P(x) = ax + a — a?, vdi a nguyén.
4.2

a) Ta ¢c6 P(x)= alx— x1)..(x— x,). bat Pi(x) = a]_[?ii;(x— x;) khi do P'(x) =

j=1

?=1Pi(x)-

Ta c6 P(x;) = 0,Vj # i, Pi(x) # O,Vi.P'(x;) = P,(x;). Xét da thic: Q(x) = ?=1§{'(§:‘?) -
J

1. Ta c6 bac cua Q(x) < nvaQ co n nghiém la x,,x,,...,x . Suy ra Q(x) = 0 véi moi x, nén h¢

1 1 1
+ +..+
P'(x) P'(x,) P'(x)

s6 cao nhat cua Q(x) 1a

b) Taco P(x) = a(x — x;) .. (x — x,). Suy ra P'(x) = P(x) z;ﬂ:lﬁ. Do P(x;) = 0 nén

theo dinh 1y Rolle ton tai ¢y, ..., cp_q; X1 < €1 < X < €y < -+ < Cp_q < Xy, $30 cho P'(c;) =
0, Vi.

Lai c6 P"(x) = P'(x) z;;lx_%i. Suy ra

n " n-1n n-1 __,
ZP (xi)=z 1 =_zP(c]~)=0
i=1 P'(x) =1 i=1 Xi— G =1 P,(Cf)

4.3
a) Khin=2:P,(x) = 2x2-x—1¢062nghiémthycx=1vax=-%.
Khin=3: P; (x) = (x — 1)(3x% + 2x + 1) ¢6 duy nhét nghiém thuc x = 1.

)P, (x) = (x —1D(nx™ 1 + (n—1)x™"?% + 2x + 1). Ta s& chirmg minh da thuc



Q(X) = nx™ ! + (n—1)x""2 + 2x + 1 c6 duy nhat mét nghiém thuc x = a < 0 néu n chin va
khdng cd nghiém thuc néu n lé.

n+1_q

Nhan xét Q(x) =R’(x) trong d6 R(x) = x™ +x™ ! +-+ x+1=

n+l_(n41)xm41

Viy Q(x) = R’(x) = = D . Khao sét tir s6 R(x) = nx™*! — (n 4+ 1)x™ + 1. Tathdy

Néu n 1 thi S(x) = 0 véi moi x, dau bang xay ra khi x = 1 (dung BDT Cauchy). Tuy nhién Q(1)
khéc 1. Vay Q(x) khéng c6 nghiém thuc.

Néu n chin khao sat ham sé ta thdy S(x) c6 2 nghiém, x = 1 va mot nghiém x =a < 0. Vay Q(X)
c6 duy nhat mot nghiém thuc x =a < 0.

x-1

44.Biéuditnm=3k+rvan=3l+s,véik,I,r,s EN;0<7,5s <2.Khidox™+ x" +1=
(3 —Dx" + (3 —1D)xs + x" +x5+1. Vi 23 —1 va x3 — 1 cing chia hét cho x> —
1= (x—1)(x?>+x+ 1) nén x™ + x™ + 1 chia hét cho x> + x + 1 khi va chi khi x™ + x5 +
1 chiahétchox24+x +1.Do0<r,s <2nénx" + x5 + 1 chia hét cho x2 + x + 1 khi va
chikhir=2,s=1hoacr=1,s=2.

Mt khac mn — 2= (3k + r)(3l +s) — 2 = 3(3kl + ks + Ir) + rs — 2. Nhung rs — 2 chia hét cho 3 khi
vachikhir=2,s=1hoacr=1,s=2.

4.5. Thay x =1 va x = -1 ta co:

{4+a+b+c$1

< —
4ta-btex-1P2=73

Thay x = 1/2 va x = -1/2 ta c6:

IA

1
= b > —3.Suyrab=-3.

+ C
c>-—1

~la +
4+ »18
NS
+ NS
\Y

N |-
+ N |-

Lai thay x = 1; x = -1 ta dugc

<
{a+c —O=> a+ c=0

a+c=0
Thay x = 1/2 va x = -1/2 ta cé:

a

-+ ¢c <0
4

a
= —+ c=0.Suyraa=c=0.Vay P(x) = 4x3 — 3x.
20 y y P(x)

Thir lai dat x = cost, ta ¢6 |P(x)| = |cos3t| < 1.



